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Motivation & Goal
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Why this Model?

Condensed Matter TheoryQuantum Information Theory

We are looking for a 1D system …

… with the feature:

1D system of bosons/fermions (?)

Local Hamiltonian

<latexit sha1_base64="BjsaiwUD8XGaNmgiUkVNAs4yJE4="></latexit>

<latexit sha1_base64="XrqfOn4fJpou/KP5oi1epaoO6Lc="></latexit>

<latexit sha1_base64="G8yrF03R/aAoRuQaDImbg5KZgHE="></latexit><latexit sha1_base64="T53arHGMKg+eeL4FUwCXNp5PzDs="></latexit>

<latexit sha1_base64="RkcAvVyzNtJjmofpjm84RyxR/I0="></latexit>

Qubit

Perturbations

Depolarization Dephasing

<latexit sha1_base64="VLDS+pN2bpwXkr8JLCBKlUiGIe8="></latexit>

<latexit sha1_base64="VF6ED5RZxAt84YF/2i8OgEXWehk="></latexit>

Robust ground state degeneracy

local 
Perturbations

<latexit sha1_base64="QAY5cr6ed3OALkag+KUJmUPBIxU="></latexit>

<latexit sha1_base64="WtAX1oG9O9Iolu5bsGzuqStnrp4="></latexit>

but:



Why this Model?

Topological Order

6Z. Nussinov and G. Ortiz, A symmetry principle for topological quantum order, Annals of Physics 324, 977–1057 (2009)

Condition for robust ground state degeneracy:

<latexit sha1_base64="QAY5cr6ed3OALkag+KUJmUPBIxU="></latexit>

<latexit sha1_base64="WtAX1oG9O9Iolu5bsGzuqStnrp4="></latexit>

Definition of Topological Order

<latexit sha1_base64="1azZXmda0/ouNrgSvauKdp1Vj/k="></latexit>

for all local perturbations 

A finite set of states
<latexit sha1_base64="YEtVDQdf27iSCupE6s5QGEnbIS4="></latexit>

is topologically ordered if

<latexit sha1_base64="xsnWGrJ5B2dcaJNtav8Gqm48iEQ="></latexit>

<latexit sha1_base64="FwAcNh0HKM3EgPOumZ0acMJX2oo="></latexit>

local Perturbations
<latexit sha1_base64="1azZXmda0/ouNrgSvauKdp1Vj/k="></latexit>

<latexit sha1_base64="268Ndo4j4BVLGT/B53T1AC7oVYI="></latexit>



Spins?
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Why this Model?

<latexit sha1_base64="Hu5X4S2cQG62zzQ4HXRADLZ2y8k="></latexit>

<latexit sha1_base64="goN3B9RmTaSXKNeQ6RXllAs/CT0="></latexit>

<latexit sha1_base64="2Y2zNIxfcyHgcNwL8tly9HJ/fR0="></latexit>

<latexit sha1_base64="0hP2tf0HdyHbUlFFzk1uc/uWx9c="></latexit>
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First try (            -Ising model GS) :
<latexit sha1_base64="kax0QSQjFO4M2AmUg85NcsSXePc="></latexit>

Second try (            -Ising model GS) :
<latexit sha1_base64="fsnNEglQh/wd5nlzE41XFouvlPw="></latexit>

configurations with even/odd  
number of down-spins

<latexit sha1_base64="cfftFpDVwcD+bFSxz6feStUdi34="></latexit>

✓

✓

✗
apply  
on arbitrary site

<latexit sha1_base64="1Xe30ZmhDFJUPk9ZKNjdTAopvs4="></latexit>

✗
<latexit sha1_base64="tCiB3o+vdOS+R00gjLBg+h9jMU8="></latexit>

apply  
on arbitrary site
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<latexit sha1_base64="XvKYcEifqFjJcYzkVAuBjThlops="></latexit>

<latexit sha1_base64="i01FddA/rGiIn2keEqVk/38GMKA="></latexit>



First try (Phase separation) :

Second try (GS of what?) :

configurations with even/odd  
number of fermions

<latexit sha1_base64="cfftFpDVwcD+bFSxz6feStUdi34="></latexit>

✗
apply  
on arbitrary site

<latexit sha1_base64="p0LY7je8azkJRoK+XXNbAj6Tyko="></latexit>

Fermions?
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Why this Model?

<latexit sha1_base64="2Y2zNIxfcyHgcNwL8tly9HJ/fR0="></latexit>
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<latexit sha1_base64="Sn/4CKFmuA/GBJWvvwCgBJOF0ho="></latexit>

<latexit sha1_base64="268Ndo4j4BVLGT/B53T1AC7oVYI="></latexit>

✓

✓
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Fermion parity!

(✗)✓



Fermions!
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Why this Model?

<latexit sha1_base64="L4mKAJnLWaahquD/Gg8/E12cmeU="></latexit>

<latexit sha1_base64="Sn/4CKFmuA/GBJWvvwCgBJOF0ho="></latexit>

„Even-parity equal-weight superposition“ „Odd-parity equal-weight superposition“

?

Majorana mode
Spins: Fermions:<latexit sha1_base64="uGIMv8dBf+6gO7d6SQloC7oyijU="></latexit>

Majorana mode
<latexit sha1_base64="9i08RlTRy/aQDJhiDhUtCU69CxY="></latexit>

<latexit sha1_base64="RRA8UzVoQtbSfVHBHBgETERskZI="></latexit>

<latexit sha1_base64="bK/jIsdjWJTbnkMZyn6vX5f14jk="></latexit>

<latexit sha1_base64="OzfkC+fjvpyxDv62vE0aXddwt+g="></latexit>

<latexit sha1_base64="f15YkYZCdROD/vv6qN2fiwzd+/o="></latexit>

<latexit sha1_base64="nkD5PvaBPJGQL8EPHRpgC1AF6FM="></latexit>

<latexit sha1_base64="kqQdfKYvSyp1YxKRiTTi5VRDTNE="></latexit> <latexit sha1_base64="9jJYdCm5/AdXnV4ktDoAs9FUcnM="></latexit><latexit sha1_base64="6Xglw5kE8m+YKEz6ptt0relDLh8="></latexit>

cL
<latexit sha1_base64="+p6hTwMpG01/2VPH8yrKvw2pzbw="></latexit><latexit sha1_base64="+p6hTwMpG01/2VPH8yrKvw2pzbw="></latexit><latexit sha1_base64="+p6hTwMpG01/2VPH8yrKvw2pzbw="></latexit><latexit sha1_base64="+p6hTwMpG01/2VPH8yrKvw2pzbw="></latexit>

c1
<latexit sha1_base64="qdEend8jYJaEBCaXfuVMBtJ+NEM="></latexit><latexit sha1_base64="qdEend8jYJaEBCaXfuVMBtJ+NEM="></latexit><latexit sha1_base64="qdEend8jYJaEBCaXfuVMBtJ+NEM="></latexit><latexit sha1_base64="qdEend8jYJaEBCaXfuVMBtJ+NEM="></latexit>

<latexit sha1_base64="xBL8b76ctfus3hD8u9PiQXEAB80="></latexit> <latexit sha1_base64="TuV1KBL+byT4PAlsGSOTH1MzJKs="></latexit><latexit sha1_base64="P1c2jgt479rxP5cw4YbDtRQMeUA="></latexit>

with the fermion ordering
<latexit sha1_base64="JO6pfOF8SmS7GEwoofWAJr5awOg="></latexit>



The Majorana Chain
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Why this Model?

A. Kitaev, Unpaired Majorana fermions in quantum wires, Phys.-Usp. 44, 131 (2001)

<latexit sha1_base64="xBL8b76ctfus3hD8u9PiQXEAB80="></latexit> <latexit sha1_base64="TuV1KBL+byT4PAlsGSOTH1MzJKs="></latexit><latexit sha1_base64="P1c2jgt479rxP5cw4YbDtRQMeUA="></latexit>

Ground states form a qubit split in „half“ :

Collides with locality / causality!

Parity superselection

All observables are parity-symmetric :

<latexit sha1_base64="K96SWjbwIEBzn/OgIkQvabfeMtg="></latexit> <latexit sha1_base64="Yl+Olj/QBI/8tAquTqEKkS/dtMs="></latexit>

<latexit sha1_base64="pA9GEVeAlTBsjyOzrRqgf1Co3Ww="></latexit>

<latexit sha1_base64="6uJLbt4Wqr0jmwYGzJ9D43sBxfI="></latexit>

Majorana chain

<latexit sha1_base64="1VDmgj+L39BYzGnC6wsUG9RwRYU="></latexit>

1D p-wave superconductor 
( mean field )

Gapped Hamiltonian with ground states                      :
<latexit sha1_base64="SPzOqiiAneHzYnNMqv4xEx6s5F8="></latexit>

Topological phase of the 

( flat band regime )



The Majorana Chain
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Why this Model?

BUT … mean field ?!

BUT … parity superselection ?!

Quantum wire

3D Bulk Superconductor

2 x Quantum wires

3D Bulk Superconductor

Majorana chain

<latexit sha1_base64="MCud5upqaMe9cO8zSyGUVhspY8Y="></latexit>



The Majorana Chain
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Why this Model?

2 x Quantum wires

3D Bulk Superconductor

Fix global parity

& encode qubit in subchain parity



The Double Chain
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Why this Model?

Double wire/chain

Can we get rid of the bulk superconductor?

Fix global particle number

& encode qubit in subchain parity



The Double Chain
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Why this Model?

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)

configurations of        fermions with  
even/odd number on upper subchain

<latexit sha1_base64="106p7AV9YAqd5TMH/xLnS3snb4I="></latexit>

<latexit sha1_base64="atO/sI+Qd1P1kQHlYStDGW8qtMI="></latexit>

Ground States ?

For each particle number       :
<latexit sha1_base64="Lv6ctyXZsRYJsmV+zXOAfYy35hw="></latexit>

<latexit sha1_base64="tJuDn1LSQyCRHwVdC63vdb4FSZg="></latexit>

<latexit sha1_base64="Az0EwVt0LGGH5xqqnU+419xOqsE="></latexit>

<latexit sha1_base64="seNsj2y3O5TP0t15IT9GE9cD0Do="></latexit>

Fermion ordering:

a1
<latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit>

bL
<latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit>



The Double Chain
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Why this Model?

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)

Hamiltonian ?

<latexit sha1_base64="m3caSnqKfjIG61AZ0R6cvqKnP7Q="></latexit>

a1
<latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit><latexit sha1_base64="X6koeoEJg3TXOyyvPs8aOYudddA="></latexit>

bL
<latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit><latexit sha1_base64="hXaC/UvP0hafFyKcx0Nf7xKDHN0="></latexit>

intra-chain single-particle hopping & attraction

inter-chain pair hopping & attraction

Interactions make Hamiltonian positive semi-definite :

⇒  Zero-energy state = Ground state ⇒  Explicit construction: ✓
<latexit sha1_base64="SPzOqiiAneHzYnNMqv4xEx6s5F8="></latexit>



Comparison
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Why this Model?

Double chain Majorana chain(s)

Global parity symmetryGlobal particle number conservation

Interacting Hamiltonian Non-interacting Hamiltonian

Gapless spectrum / critical point Gapped spectrum

Non-abelian braiding !Non-abelian braiding ?

Majorana edge modes (    )
<latexit sha1_base64="rqILYLw6YEeBWonYofVtunJZAtw="></latexit>

„Majorana-like“ edge states (     →      )
<latexit sha1_base64="rqILYLw6YEeBWonYofVtunJZAtw="></latexit> <latexit sha1_base64="HhZONPCqRP3toOXlv2xay4hnOYw="></latexit>
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Topological Quantum Computation
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What is it good for?

C. Nayak, et al., Non-Abelian anyons and topological quantum computation, Rev. Mod. Phys. 80, 1083 (2008)
A. Kitaev, Fault-tolerant quantum computation by anyons, Annals of Physics 303(1), 2-30 (2003)

Quasiparticles in 2D systems  
(≠ fermions/bosons)

Anyons 

Braiding Winding two anyons around each other 
(without bringing them close together)

Fusion

Non-abelian 

anyons Anyons with multiple possible fusion products

Pairing two anyons and measuring the result 
(→ another anyon)

Topological 

Quantum


Computation

Initialization 
Gates 
Measurements

→ Decoherence-free quantum computation

→ create anyons 
→ braid anyons 
→ fuse anyons

Vacuum

Vacuum

Fusion

Braiding

In
iti
al
iz
at
io
n

G
at
es

M
ea
su
re
m
en
ts

Re
se
t

Creation



Wire Networks
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What is it good for?

Quasiparticles in 2D systems  
(≠ fermions/bosons)

Anyons 

Braiding Winding two anyons around each other 
(without bringing them close together)

Fusion Pairing two anyons and measuring the result 
(→ another anyon)

J. Alicea, et al., Non-Abelian statistics and topological quantum information processing in 1D wire networks, Nature Physics 7, 412–417 (2011)

Endpoints in wire networks 

… by adiabatically tuning couplings

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)



Wire Networks
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What is it good for?

Quasiparticles in 2D systems  
(≠ fermions/bosons)

Anyons 

Braiding Winding two anyons around each other 
(without bringing them close together)

Fusion Pairing two anyons and measuring the result 
(→ another anyon)

J. Alicea, et al., Non-Abelian statistics and topological quantum information processing in 1D wire networks, Nature Physics 7, 412–417 (2011)

Endpoints in wire networks 

… by adiabatically tuning couplings

… by connecting endpoints of wire segments

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)



NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)

Braiding: Results

20

What is it good for?

Time

G
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d 
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p
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8 Ground states 
+ 

Weak coupling 
↓ 

4 Ground states
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What is it good for?

Braiding: Interpretation

A. Kitaev, Anyons in an exactly solved model and beyond, Annals of Physics 321, 2-111 (2006)

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)

Topological qubit & gate
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What is it good for?

Braiding: Interpretation

<latexit sha1_base64="G8FmD86BFLhz0fMjEJFPDiqfRMU="></latexit>
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A. Kitaev, Anyons in an exactly solved model and beyond, Annals of Physics 321, 2-111 (2006)

NL and HPB, Topological states in a microscopic model of interacting fermions, Phys. Rev. B 92, 041118(R) (2015)

Ising anyons

( = Majorana chain )

Fusion rules:

<latexit sha1_base64="VUX8KVC+CdHMt/yOYXyKl1IKDqg="></latexit>
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What is it good for?

Why this Model?

→ Robust degeneracy realizes qubits


→ Coupling at endpoints useful for braiding


→ Braiding reveals non-abelian Ising anyons 

→ Non-abelian anyons facilitate robust gates on qubits 

→ Topological Quantum Computation

→ Robust topological ground state degeneracies 

→ Majorana chain: 1D mean field superconductor 

→ Double chain: Number-conserving analog of Majorana chain 

→ Ground states: Equal-weight superpositions with fixed 

subchain parities & fixed total fermion number 

→ Robust degeneracy except for couplings at endpoints


