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PROLOGUE



Random unitary circuits
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- Random unitaries compete with projective measuremenis ) ) ﬁ::] _—
. . . . N . | | | | | | | | ranaom unitary
- Clifford circuits described by stabilizer formalism :-: %] 5
-> Studied numerically for n > 500 spins s M- lq, ] |¢ ] +
local-Z measurement
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- Unitaries: create entanglement

p =pc, Sa=a(pe) In |A]
-> Volume-law

« Measurements: destroy entanglement
p > pe, Sa=c(p) AP y g
> |A| -> Area-law

Question: Can one discard the unitaries and still find entanglement transitions ?
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The Projective Transverse field Ising Model
(DTINAN

Paradigmatic model for quantum phase transitions:
Transverse field Ising model

Non-commutin
H:—g Ufaerl—hg o; on-eo J
- . Hermitian generators
1 1

v \
z __z x  Non-commuting
g:0: O, ..
1 21+l Y projective observables

-> Projective transverse field Ising model



Simulation: The generic
approach

Gottesman-Knill-Theorem
Quantum circuits with ...

Pauli measuremerm/v Clifford group -> Stabilizer Formalism
Pauli gates 4

D. Gottesman,
Hadamard-, phase-, and CNOT-gates Stabilizer Codes and Quantum Error Correction

... can be simulated efficiently on a classical compt (1997)

Nielsen and Chuang,
Quantum Computation and Quantum Information

- Algebraic formalism to describe specific quantum states & gates
- Standard tool for random Clifford circuits

 Useful for up to ~1000 spins
(fine in 1D, but only 30 x 30 on square lattice!)

More efficient approach that provides more insight ?



Simulation: The specific
approach

Observations: A N expand BC
5 (@]00) + 5 11)) ® |+) » «|000) + 8111)
., Create BC . . shrink BC
Initial State [++) > [00) 4 [11) =-=smmsomsees > «000) + G 111) > [+)@(|00)+511))
_ “q R R . . merge BC
BC = Bell Cluster (100) + [119) ® (|01} + B]10)) > [0001) + B[1110)

oX= e o0‘0°= AN
l [ ]

-> Colored Cluster Model (CCM)
- Label independent spins with 0

- Label Bell clusters with integers ® O O Y O Y O ® O O 00 t+1
n = 1,2,3,... 000 H;C(

. 0;-measurement sz .x.x. e . o ‘ i
-> shrink Bell clusters (set spins to 0) T 00000 Q oY ‘ 00 Q 00 t

. al.zajz-measurements
-> merge/create Bell clusters between spins ( Colors = Gauge degrees of freedom )



Colored cluster model & Bond
percolation

PTIM = Bond percolation Connected in the past

/\ A
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- CCM = Non-local, classical stochastic process
- Bond percolation on spacetime -> CCM on boundary of spacetime

-> Simulation more efficient than with stabilizers !
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Entanglement & Mutual information in
1D

O O
Entanglement entropy (EE) of subsystem X:
S(X) = —Tr[px log, px] )
: : TR ! |
— EE of subsystem with length [: g / . T
‘e
0 < 08 f W H RS
"C‘U' ¢ o0 500 -¢- -eo-
£ 06 Y i\‘
k<] AR
= 0.4 sosovereeneeed®t o i ‘%‘ ----------------------- ]
Mutual information (MI) of A and EE \ . ]
2 02 | \ %’"c
I(A,B) = S(A) + S(B) - S(AuB) = °2] \1 "o,
! | | 9. 666

— MI of two spins:

I(i,j) = S{1}) + S{i}) — S{E,57)

I(1,1 + L/2)
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S;(L/2)

p. = 0.5 (bond percolation)
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Entanglement entropy S,
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Entanglement & Mutual information in
1D

Entanglement entropy S; (/) Mutual information I(|i —j|)
2.5 L | | |
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Length [/L Distance |i — j|/L
- Area laws for both p < p.and p > p. - Non-zero forp < p,.
» Logarithmic correction at criticality - Exponential decay for p > p,.

(see below) + Power law at criticality:

I(i—jD~1i=jI™", & =0.66
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Probability density

Cluster statistics in 1D

Histogram of cluster weight Histogram of cluster diameter
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Critical point: CFT description?

1D critical systems are often described by Conformal Field Theories (CFT)

Scaling of entanglement entropy is universalf:

¢ L . ! 3 | ] |
S1.(0) ~ 5 log, [—sm (7‘[—)] S obF T T T T ]
T L \C/-Q/ B ‘/\,;—"
< _ =
[: Subsystem size - ¢~ 0.57 4/’! T
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S Ve 150 —e—
Normalized entanglement entropy: 5 f 200 e~
9 Py- E 04 F 250 —e— |-
) /
c , [ [<)) ‘ 300
AS(/L) = S(D) = SL(L/2) ~ 5 log, [sm (nz)] 2 f @ o
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Length /L

— The PTIM satisfies the CFT-scalinn!
Why?
— ,Central charge:¢ ~ 0.57

t P. Calabrese and J. Cardy, Journal of Statistical Mechanics: Theory and Experiment PO6002 (2004) 13



CFT: Model hopping

Bond percolation
= Random cluster model = > Dense gas of oriented loops

7 @ v
Loops = Contour lines of discrete scalar field ¢(x) EI/!Z _.: 4 +,
.« &

. &
C}@@

o
V2D ) &

3)
1 z:?

CFT = Gaussian field ®(x) € R Solid-on-solid model ¢(x) € nZ

( + boundary charges )

See also J. Cardy, Conformal invariance and statistical mechanics (1988) and references given in our pap1eAF.



CFT: Counting loops

Vertex operators Vertex operators
V2 = exp[+ie @] Ve = expli(te + ey/2)®]

7\

N.-.Z e Ve IV4 =2

Split top charge Dw

>
-> Two-point correlator = Generating function Loop weights:
v = 2 cos(rey /2
A(w) = ( _,_(X1) “(x)) = ZU)N+NA szh/ - 1 — e
T _ . _ Central charge:
Scaling dimensiont

c=1- 660/(1 —€p)

CFT!
Examples: (N,) = w[d,,7 ,(W)],—; and (dy o) = 7 4(w — 0) For_pir/c?? latf nc =0

tJ. L. Jacobsen and H. Saleur, Phys. Rev. Lett. 100, 087205 (2008)
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CFT: Entanglement

Entanglement entropy S(A = [x{, Xx,]) Mutual information /(x;, x,)

. Count arcs that connect A with A -> N, - Probability that x; and x, are connected (<& N, =0

- One finds - One finds
1
(N y/3In2 I0xty,%0) ~ (S _o) ~
S(A) ~ ~ log, A 1> X2 N,=0
“ TR 3 = x,
- Therefore - Therefore
2
27 3
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CFT: Numerics

Numerical results for L = 500 and M = 10’ samples:
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Quantum Error Correction (QEC)

Majorana chain Projective transverse field Ising mo
- Fermionic, quadratic 1D Hamiltonian: « Ferromagnetic 1D Ising model:
L-1 L—1
— — " Jordan-Wigner — _ — _ P
H = Z S = Z P2i12i+1 Transformation H Z S Z 0011
e i=1 e i=1\
(/2010 HUf 07 :
Majorana Fermions j<i Spin-1/2
Yoi = [ [ o7 - o7
- Two-fold degenerate ground state j<i - Two-fold degenerate ground state:
-> Quantum code: |®) = a|gy) + f1g;) | ) =al|tT...T)+p]1... 1)
- Allowed projective errors: - Projective measurements of
Ei —_ i}/Zi—l}/Zi T T T T T T TP P P PP P T P PP PP P P PP PP PP PITPPPPPPPTPPTPS > Ei = O'ZX
- Allowed syndrome measurements: + Measurement of domain walls
Se — l}/zl}/zl_l_l Brvrrrnmnsnnernnnsr e rnn e n e nn e rnn e nna e > Se == GZZO-ZZ-I-I

-> Survival of encoded qubit = Survival of Bell cluster amplitudes

See also: A. Nahum and B. Skinner

(2020) 19



Spacetime Percolation and QEC

Amplitudes preserved Amplitudes lost
Unknown patter

 Nim= Complement of 7
oz\ml -+ 5\m1> \m2> + \m2> P

See also: D. Aharonov (2000) 20



Cluster Lifetime

Procedure

1. Start in global Bell cluster:

Q000000000000
2. Evolve with PTIM rules

3. Check each time step if a Bell cluster
with color@ exists

4. Lifetime 7 = Time after which ca@pr is lost

Cluster lifetime 7

10" E — 045 —
3 p=0. ® exp
- p=050 m alg —
Results : OBC

| | p = 0.60 log
- p < p.. Exponential growth 100 s .

10 100 1000
Size L

. p = p. = 0.5: Algebraic (~linear) growth
- p > p,.. Logarithmic growth

-> For p < p. amplitudes are preserved by measurements of stabilizers !

Open question: When and how can the amplitudes be accessed ( = decoding )



Summary

 Projective transverse field Ising model
= competition of non-commuting, projective measurements

- Entanglement described by the Colored Cluster Model
- Can be efficiently simulated (stabilizer and CCM)

- Continuous entanglement transition:
p < p.:long-range entangled (global Bell cluster)
p > p.: short-range entangled (local Bell clusters)

- Dynamic phase transition = Spacetime percolation of Bell cluster
- Critical behaviour can be described by conformal field theory

- Can be interpreted as competition between projective errors
and stabilizer measurements of a quantum code
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Beyond one dimension

PTIM on lattice & = Bond percolation on &£ X Z

Our results for PTIM

N

Known results for bond percolationt

/

Dimension Lattice Pe De Percolation lattice
1 - 0.5 0.5" Square
2 Square 0.75 0.7512 Cubic
2 Kagome 0.74 0.7437 stacked Kagome
2 Honeycomb 0.70 0.6907 stacked Honeycomb
2 Triangular  0.83 0.8140 stacked Triangular

T S. C. van der Marck, Percolation thresholds and universal formulas, Phys. Rev. E 55, 1514 (1997)
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