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measurement locations are inessential, with the remain-
ing stochasticity in the measurement outcomes su�cient
to account for the presence and universality of the entan-
glement transition.

Going beyond Cli↵ord, we implement a full quantum
simulation of more general circuit models for systems
with size up to L = 20 qubits. Both random Haar
circuits and (non-Cli↵ord) Floquet circuits exhibit be-
havior consistent with their Cli↵ord counterparts. We
also explore models with (non-projective) “generalized
measurements”, with each and every qubit being mea-
sured at each time step, and find evidence for an entan-
glement transition, with accessible exponents being con-
sistent with the Cli↵ord circuits. Of particular interest
is a space-time translationally symmetric Floquet model
with generalized measurements, which exhibits an entan-
glement transition where the only stochasticity is in the
results of the quantum measurements.

Motivated by the remarkable consistency between all
of our di↵erent models, we conjecture that generic hy-
brid circuits have a volume law phase with logarithmic
correction for weak enough measurements, and exhibit
an entanglement transition in a single universality class.

Our paper is organized as follows. In Sec. II we define
the circuit models of interest. Extensive numerical results
for Cli↵ord circuits are reported in Sec. III and IV. In par-
ticular, Sec. III contains evidence for the phase transition
in entanglement entropy, and allows characterization of
the volume-law phase in terms of stabilizers. Sec. IV is
devoted to a detailed analysis of the critical behavior of
the entanglement transition. In Sec. V, we systematically
explore Cli↵ord circuit models with space and time sym-
metries imposed, either in the unitaries or the measure-
ment locations – or both. In Sec. VI, we consider more
generic non-Cli↵ord circuits, establishing complementary
results via a full quantum simulation for smaller systems.
We close with discussions in Section VII.

Finally, in Appendix A we review Cli↵ord circuits and
define the stabilizer length distribution, and detail mea-
surement and unitary Cli↵ord dynamics – beyond the
steady state – in Appendix B.

II. THE CIRCUIT MODEL

Consider first the prototypical quantum circuit model,
shown in Fig. 1, with L qubits arranged on a one-
dimensional chain. The circuit dynamics is composed
of two parts, as depicted in Fig. 1 and detailed below
(in order), namely (i) the background unitary evolution,
and (ii) measurements made on selected qubits scattered
throughout the system.

(i) The background unitary time evolution of the L-
qubit wavefunction is determined by applications of
local unitary gates which are arranged in a brick-
layer pattern, periodic in both space and time. The
local unitaries act on neighboring pairs of qubits.
Each discrete time cycle of the circuit consists of

two layers, and each layer has L/2 two-qubit uni-
tary gates, acting on all the odd links in the first
layer, and all the even links in the second. We pri-
marily consider circuits with periodic spatial bound-
ary conditions, except in Appendix B where circuits
with open boundary condition are more convenient.

We define the depth of a circuit to be the number
of unitary layers, and denote it by D. Therefore,
a circuit with depth D has T = D/2 time cycles.
The circuit as a whole can be regarded as a unitary
transformation in the Hilbert space of many-body
wavefunctions on L qubits,

UT =
T�1Y

t=0

U(t), (1)

where U(t) is the time evolution operator for the
t-th time cycle,

U(t) =

 
Y

x odd

U(x,x+1),2t+1

! 
Y

x even

U(x,x+1),2t

!
, (2)

where U(x,x+1),d is the gate on link (x, x + 1) at
depth d. Under the action of a unitary gate, the
wavefunction transforms as,

| i ! U(x,x+1),d | i , (3)

so that the wavefunction at arbitrary time T is
| (T )i = UT | (0)i.

(ii) The full dynamics of the model is non-unitary,
wherein the space-time sheet of the unitary circuit is
punctuated with measurements – for simplicity cho-
sen as single-qubit measurements. In a circuit with

random unitary

local-Z measurement
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FIG. 1. The random circuit model with random measure-
ments. In this circuit, the unitaries are arranged in a brick-
layer fashion, while the single qubit Z-measurements are posi-
tioned randomly in space and time. We depict the Poissonian
arrangement in this figure, for which the measurements take
place at each available space-time site independently with
probability p. For a circuit with L qubits and with depth
D, there are LD such available sites.

Question: Can one discard the unitaries and still find entanglement transitions ?

• Random unitaries compete with projective measurements

• Clifford circuits described by stabilizer formalism  
-> Studied numerically for  spinsn > 500

• Unitaries: create entanglement 
-> Volume-law

• Measurements: destroy entanglement 
-> Area-law
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We introduce and explore a one-dimensional “hybrid” quantum circuit model consisting of both unitary gates
and projective measurements. While the unitary gates are drawn from a random distribution and act uniformly
in the circuit, the measurements are made at random positions and times throughout the system. By varying the
measurement rate we can tune between the volume law entangled phase for the random unitary circuit model
(no measurements) and a “quantum Zeno phase” where strong measurements suppress the entanglement growth
to saturate in an area law. Extensive numerical simulations of the quantum trajectories of the many-particle
wave functions (exploiting Clifford circuitry to access systems up to 512 qubits) provide evidence for a stable
“weak measurement phase” that exhibits volume-law entanglement entropy, with a coefficient decreasing with
increasing measurement rate. We also present evidence for a continuous quantum dynamical phase transition
between the “weak measurement phase” and the “quantum Zeno phase,” driven by a competition between the
entangling tendencies of unitary evolution and the disentangling tendencies of projective measurements. Detailed
steady-state and dynamic critical properties of this quantum entanglement transition are accessed.

DOI: 10.1103/PhysRevB.98.205136

I. INTRODUCTION

Entanglement provides a convenient characterization for
both stationary states and unitary dynamics of quantum sys-
tems, especially those with no symmetry. For many-body
systems, the entanglement entropy is useful in classifying
both ground and excited states [1–7]. Entanglement dynamics
under unitary time evolution in a driven system or after a
quench also exhibits universal behavior. From an unentan-
gled state, the entanglement entropy grows linearly in time,
saturating with a volume law. For integrable systems the
emission of entangled pairs of quasiparticles [8,9] offers a
convenient picture, but chaotic systems also exhibit similar
entanglement growth [10,11], as illustrated in random unitary
circuit models [12–14].

Quantum systems subjected to both (continuous) measure-
ments and unitary dynamics offer another class of quantum
dynamical behavior, described in terms of “quantum trajec-
tories,” and well explored in the context of few qubit sys-
tems [15], quantum spin systems [16], and trapped ultracold
atoms [17,18]. With strong and continuous measurements the
state vector can become localized in the Hilbert space, an
example of a quantum Zeno effect [19]. While the related
quantum dynamics has been explored in many-body “open”
systems [20], which focus on the mixed state density matrix
and can be described by Lindblad equations, this formalism
does not offer access to quantum entanglement. Very recently
in Ref. [21], the entanglement dynamics of quantum state tra-
jectories have been explored for (an integrable) model of non-
interacting fermions subjected to continuous measurements of
local occupancy, performed at a constant rate throughout the
system. Remarkably, authors of Ref. [21] conclude that the
late time entanglement entropy growth saturates to an area
law for arbitrarily weak measurement. A “weak measurement
phase” with volume law entanglement is not present.

In this work we explore the many-body dynamics of a
“hybrid” one-dimensional quantum circuit model consisting
of both (projective) measurements and unitary gates, depicted
in Fig. 1. The dynamics of quantum entanglement can be
accessed by following quantum trajectories of the many-body
wave functions. We primarily focus on circuits that consist of
measurements that are made at random positions and times
throughout the system and have unitary gates, chosen from a
random distribution, that act uniformly in the circuit. While
being a discrete-time generalization of the model in Ref. [21],
this model is nonintegrable. By varying the measurement rate
we can tune between the volume law entangled phase for
the random unitary circuit model (no measurements) [13,14]
and a strong measurement “quantum Zeno regime” where
entanglement growth is suppressed, saturating in an area
law. We analyze the quantum trajectories numerically both
for random Haar and random Clifford unitaries, which are
minimal models describing chaotic nonintegrable systems. In
the latter case, by restricting measurements to the Pauli group,
we can access the long-time quantum dynamics of very large
systems, up to 512 qubits. Our numerics supports several
striking conclusions.

First, we find that volume law entanglement of the random
unitary model survives “weak” measurements but with the
coefficient of the volume law decreasing with increasing
measurement strength—a stable “weak measurement phase.”
The absence of this phase in the integrable model of Ref. [21]
is perhaps due to the effectiveness of (local) measurements
in removing long-ranged entanglement from their highly sus-
ceptible EPR pairs. In contrast, the entanglement in chaotic
systems is encoded in the sign structure of the (essentially)
random wave function [22], evidently less disturbed by mea-
surement.

Secondly, we present numerical evidence that upon
increasing the rate of the measurement p, this “weak
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In this paper we continue to explore “hybrid” quantum circuit models in one-dimension with both unitary and
measurement gates, focusing on the entanglement properties of wave function trajectories at long times, in the
steady state. We simulate a large class of Clifford circuits, including models with or without randomness in the
unitary gates, and with or without randomness in the locations of measurement gates, using stabilizer techniques
to access the long-time dynamics of systems up to 512 qubits. In all models we find a volume-law entangled
phase for low measurement rates, which exhibits a subdominant logarithmic behavior in the entanglement
entropy, SA = α ln |A| + s|A|, with subsystem size |A|. With increasing measurement rate the volume-law phase
is unstable to a disentangled area-law phase, passing through a single entanglement transition at a critical rate of
measurement. At criticality we find a purely logarithmic entanglement entropy, SA = α(pc ) ln |A|, a power-law
decay and conformal symmetry of the mutual information, with exponential decay off criticality. Various spin-
spin correlation functions also show slow decay at criticality. Critical exponents are consistent across all models,
indicative of a single universality class. These results suggest the existence of an effective underlying statistical
mechanical model for the entanglement transition. Beyond Clifford circuit models, numerical simulations of up
to 20 qubits give consistent results.

DOI: 10.1103/PhysRevB.100.134306

I. INTRODUCTION

Quantum many-body systems under unitary dynamics will
generally thermalize [1–7]. But is thermalization inevitable?
Are there systems in which the thermalization of entangle-
ment entropy is avoidable? One example is many-body lo-
calization [8,9], in which entanglement growth is suppressed
by strong quenched disorder. Repeated local measurements
provide an alternative approach for taming the growth of
entanglement. While unitary dynamics tends to increase en-
tanglement, local measurements tend to disentangle. When
measurements are made continually, the steady-state wave
function should exhibit nonmaximal, and nonthermal, entan-
glement entropy [10]. If measurements are made as frequently
as possible, the wave function will become localized in the
Hilbert space near a trivial product state—a quantum Zeno
effect [11]. What happens in the intermediate regime when
measurements are made at a small but finite rate? Can the
volume-law scaling of entanglement entropy survive in the
presence of a nonzero rate of measurement? These questions
are pertinent to our basic understanding of quantum informa-
tion dynamics.

Recently, in Refs. [12–14], a prototypical (1+1)-
dimensional circuit model with both unitary dynamics and
projective measurements was introduced and explored. Local
unitary gates acted on all neighboring qubits, while single-
(or two-) qubit measurement gates were sprinkled throughout
the circuit, with each space-time point occupied with prob-
ability p, representing the strength of the measurements. In
Ref. [12] it was argued that the volume-law entangled phase
is destroyed by arbitrary rare measurements, for all p > 0,
while the authors in Refs. [13,14] presented arguments and

numerical evidence for a stable volume-law entangled phase,
separated from an area-law entangled phase at a critical value
of measurements, pc > 0. Due to different approaches taken
in these papers, a direct comparison was not immediate.

In this paper, we continue to investigate these hybrid
circuit models with unitary-measurement dynamics. Our goal
is to further explore and characterize both the nature of the
entanglement transition and the properties of the volume-law
entangled phase in the presence of weak measurements. A
central focus is on generic circuits with randomness in both
the unitary gates and in the locations of the measurement
gates. The least constrained model we consider is a “random
Haar circuit,” with two-qubit unitaries taken from the Haar
measure [15,16] and single-qubit measurements randomly
scattered across the circuit [12,13]. However, the high entan-
glement in the volume-law phase poses formidable numerical
challenges even in one dimension. We thus will largely study
“random Clifford circuits” with the Haar unitaries replaced
by random two-qubit Clifford unitaries, and the single-qubit
measurements restricted to the Pauli group [17–19]. Such
Clifford circuits can be efficiently simulated on a classical
computer, enabling us to perform extensive large-scale numer-
ical studies. We draw several conclusions from our data in the
random Clifford circuit:

(1) At long times, measurements reduce the entanglement
entropy from maximal, and the steady-state entanglement
fluctuates weakly over time and over circuit realizations, inde-
pendent of the initial conditions. These “typical” steady states
are nonthermal, qualitatively distinct from thermal states.

(2) The volume-law phase persists when measurements
are infrequent, consistent with results from Refs. [13,14].
The algebraic structure of the Clifford dynamics provides a
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equivalence in terms of the entanglement physics is partially
justified in Sec. VI, where comparisons are made between the
two circuits for small system sizes—and consistency is found.

The simulability of Clifford circuits is a result known
as the Gottesman-Knill theorem [17–20]. As reviewed in
Appendix A, the methodology involves following the dynam-
ics of “stabilizers”—mutually commuting and independent
Pauli string operators—that uniquely specify the wave func-
tion, and readily allow for calculation of the entanglement
entropy [23,32–34]. Clifford circuits have proven useful in
the study of entanglement and operator dynamics in various
contexts [23,35,36].

A. The steady state

Given a circuit of a finite length L of qubits, we are
primarily interested in the late-time behavior when T → ∞.
In this infinite time (circuit depth) limit we expect the system
to evolve into a steady state, characterized by a typical value
of entanglement entropy that depends on the measurement
rate p, but not the dynamics at finite times. To check that
this limit is well-defined, we compute the time dependence of
the entanglement entropies starting from two types of initial
states:

(1) The trivial product state,
∏

x |0⟩x, which is a stabilizer
state, i.e., the simultaneous eigenvector with eigenvalue 1 of
its stabilizers G = {Z1, Z2, . . . , ZL}.

(2) The maximally entangled state, obtained by evolving
the random Clifford circuit without measurements well after
saturation.

The results, averaged over circuit realizations, are plotted
in Fig. 2(a). For all values of p and for both choices of the
initial state, the entanglement entropy saturates to a value
that is determined solely by p. We believe that this holds
for an arbitrary choice of the initial state. Therefore, we can
talk about the “steady state” for a given rate of measurement
without referring to the initial state. The steady state is thus a
bulk property of the circuit.

After saturation there are only minimal fluctuation in the
entropies over time. Moreover, the fluctuations are also small
over different circuit realizations. In Fig. 2(b) we plot the dis-
tribution of the entanglement entropy taken from an ensemble
of circuits, and over many time steps well after saturation.
Notice that the functions are sharply peaked for each p, and
fit well to the Gaussian distribution.

We define SA(p; |A|, L) to be the late-time entanglement
entropy of a subsystem with size |A|, when averaged over
different circuit realizations, for a circuit with length L and
measurement rate p. Given the (average) spatial translational
symmetry this quantity depends only on the size (but not
the location) of the subregion A. In the following we will
usually refer to this quantity as the entanglement entropy,
unless otherwise specified.

B. The two phases

Attempts have been made to map out the phase diagram
[12–14]. The limiting cases are easy to understand. When
p → 1, the steady state is close to a trivial product state, and
has area-law entanglement entropy. The other limit, p → 0,

FIG. 2. (a) Time dependence of the entanglement entropy SA

with |A| = L/2 and L = 512, in the random Clifford circuit averaged
over circuit realizations, starting from either a maximally entangled
state or a trivial product state. (b) Distribution function of SA for
different circuit realizations and over time well after saturation. The
solid lines are fits to a normal distribution.

corresponds to the random unitary circuit, where the steady
state is characterized by maximal volume-law entanglement
entropy [23]. The putative phase diagram is shown schemati-
cally in Fig. 3, which shows a volume-law phase and an area-
law phase separated by some critical rate of measurement,
pc. Whether pc is 0 or finite was not agreed upon in earlier
work.

FIG. 3. The phase diagram and scaling behavior of the entangle-
ment entropy in both phases and at criticality.
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Discrete quantum trajectories of systems under random unitary gates and projective measurements have
been shown to feature transitions in the entanglement scaling that are not encoded in the density matrix. In
this paper, we study the projective transverse field Ising model, a stochastic model with two noncommuting
projective measurements and no unitary dynamics. We numerically demonstrate that their competition drives an
entanglement transition between two distinct steady states that both exhibit area law entanglement, and introduce
a classical but nonlocal model that captures the entanglement dynamics completely. Exploiting a map to bond
percolation, we argue that the critical system in one dimension is described by a conformal field theory, and
derive the universal scaling of the entanglement entropy and the critical exponent for the scaling of the mutual
information of two spins exactly. We conclude with an interpretation of the entanglement transition in the context
of quantum error correction.

DOI: 10.1103/PhysRevB.102.094204

I. INTRODUCTION

Entanglement has emerged as a powerful tool to char-
acterize states of matter, such as ground states of quantum
systems [1], and access their topological properties [2,3],
but also to distinguish between generic thermal states and
the phenomenon of many-body localization [4]. Recently, a
unique transition in random quantum circuits has been iden-
tified where the entanglement entropy of the wave function
is the key observable that characterizes two different steady
states [5–9]. This entanglement transition is driven by the
competition between random unitary operations and projec-
tive measurements applied at discrete time steps on the wave
function. Remarkably, the density matrix of both steady states
is maximally mixed, and the transition is only visible in the
average of particular properties of wave functions over en-
sembles of quantum trajectories (see Appendix). In this paper,
we study a new type of entanglement transition of quantum
circuits that is driven by random projective measurements
only.

Quantum circuits are an example of quantum dynami-
cal maps where quantum operations are applied on qubits
at discrete time steps. Random unitary operations between
neighboring qubits spread entanglement and, if this is the
dominating process, entail a volume law for the entangle-
ment entropy [10–12]. (Note that randomness in the unitary
dynamics is not necessary to proliferate entanglement and
drive entanglement transitions; see, e.g., Refs. [8,13,14].) By
contrast, random projective measurements of local observ-
ables remove entanglement from the system, and eventually
lead to wave functions with area law entanglement. It is
the competition between these two processes that gives rise

*nicolai@itp3.uni-stuttgart.de

to the entanglement transition at a finite critical rate of
the two processes [5–9]. While the numerical simulation of
generic quantum circuits is a computationally hard problem,
it was noticed that unitary gates restricted to the Clifford
group allow the time evolution of the quantum circuit to be
studied numerically even for large systems in the stabilizer
formalism [15–18] (the formal statement is referred to as
Gottesmann-Knill theorem). This approach allowed for the
precise characterization of the critical properties of the en-
tanglement transition [19]. But also analytical methods have
been contrived to unravel the nature of the transition [9,20],
such as descriptions in terms of conformal field theories [21].
However, it is well established that phase transitions with
conventional symmetry breaking, characterized by an order
parameter, as well as topological order in nonequilibrium
steady states, can appear in driven quantum systems with
competing dissipative processes [22,23]. This motivates the
question whether entanglement transitions can appear in ran-
dom quantum circuits with projective measurements only. A
necessary ingredient is certainly noncommuting, competing
measurements.

In this paper, we present a detailed study of an entangle-
ment transition between two steady states (characterized by
quantum jump trajectories of wave functions) that both feature
area law entanglement. The quantum circuit is constructed
from two noncommuting projective measurements that are
applied randomly; this model can be viewed as the natural
translation of the transverse field Ising model into a circuit
of projective measurements only, and is therefore referred to
as the projective transverse field Ising model (PTIM). Also in
this particular case, the transition is only visible in the aver-
age of certain entanglement measures of wave functions over
ensembles of quantum trajectories. While the quantum circuit
can be studied numerically using the stabilizer framework, we
demonstrate that the entanglement dynamics can be mapped

2469-9950/2020/102(9)/094204(13) 094204-1 ©2020 American Physical Society
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We study a class of (1+1)D symmetric random quantum circuits with two competing types of measurements
in addition to random unitary dynamics. The circuit exhibits a rich phase diagram involving robust symmetry-
protected topological (SPT), trivial, and volume law entangled phases, where the transitions are hidden to expec-
tation values of operators and can only be accessed through the entanglement entropy averaged over quantum
trajectories. In the absence of unitary dynamics, we find a purely measurement-induced critical point with log-
arithmic scaling of the entanglement entropy, which we map exactly to two copies of a classical 2D percolation
problem. We perform numerical simulations that indicate this transition is a tricritical point that splits into two
critical lines in the presence of arbitrarily sparse unitary dynamics with an intervening volume law entangled
phase. Our results show how measurements alone are sufficient to induce criticality and logarithmic entangle-
ment scaling, and how arbitrarily sparse unitary dynamics can be sufficient to stabilize volume law entangled
phases in the presence of rapid yet competing measurements.

I. INTRODUCTION

Generic unitary dynamics drive quantum many-body sys-
tems into highly entangled states characterized by volume-law
scaling of subsystem entanglement entropies. When this dy-
namics is intercepted by rapid enough local measurements,
individual quantum trajectories are expected to collapse into
low entanglement states characterized by area-law scaling of
subsystem entanglement entropies. Recently, it was discov-
ered that, at least in a class of models, these two phases are
separated by a scale-invariant “critical point” at a finite mea-
surement rate [1–3]. Several aspects of this transition and its
generalizations have been studied recently [4–18].

In the limit of infinitely rapid local measurements, the state
of the system crucially depends on the choice of measurement
basis. Assuming one measures only commuting single-qubit
operators, the wave-function collapses into an unentangled
trivial product-state. However, if one chooses to measure a set
of stabilizer operators that stabilize a topological or a sym-
metry protected topological (SPT) wave-function, the result-
ing state, despite having area-law scaling of entanglement as
well, would be distinct from the product state, in the sense that
no (symmetry preserving) finite depth local unitary quantum
circuit can transform the two states into each other [19, 20].

In this work, we consider the competition between these
two types of measurements with each other as well as with
the unitary dynamics. This raises the question of whether the
notion of a topological phase is well-defined in random quan-
tum circuits that include both unitary dynamics and local mea-
surements and, if so, what are the properties of the associated
phase transitions? To make progress in answering these ques-
tions, we consider a (1+1)D quantum circuit model comprised
of three different elements: (a) Measurement of stabilizer op-
erators that stabilize a Z2 ⇥ Z2 SPT realized by the “cluster
model” [21, 22]; (b) Single-qubit measurements in the com-
putational basis (that commute with the Z2 ⇥ Z2 symmetry).
(c) Random, symmetry-allowed Clifford unitary gates (Clif-
ford gates are considered to make classical simulation possi-
ble [23]). At each step of the circuit, one of these elements
is selected at random with probability pt, ps, pu respectively
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FIG. 1. (a) Schematic diagram of a typical quantum circuit. Yellow
(light) boxes corresponds to a three qubit random Clifford unitary,
blue and green boxes represent projective measurements. (b) The
phase diagram describing the entanglement structure of the steady
state. Red squares and blue circles are obtained from numerical sim-
ulations, while the rest of the phase boundaries are extrapolated. (c)
Mapping the dynamics of the random circuit on the pu = 0 axis to
the 2D percolation on a square lattice.

(pt + ps + pu = 1) and applied at a random position in space.
A typical snapshot of the circuit is shown in Fig. 1a.

We find that while expectation values of operators do not
exhibit any transition, a suitably defined topological entangle-
ment entropy, averaged over the quantum trajectories, does
exhibit a rich phase diagram, shown in Fig. 1b. We find not
only a stable SPT phase in an extended region of the phase
diagram, but our results indicate a tricritical point, with log-
arithmic scaling of entanglement entropy, separating the vol-
ume law, trivial and SPT phases in the absence of unitary dy-
namics pu = 0, i.e. when only measurements are present.
The existence of this tricritical point implies that a volume-
law phase can be stabilized by an infinitesimally small rate of
unitary dynamics. This is remarkable since the existence of
the volume law phase in the presence of arbitrarily small rates
of measurements was already surprising [3, 12]; here we find
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Measurement Protected Quantum Phases
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We introduce a class of hybrid quantum circuits, with random unitaries and projective measure-
ments, which host long-range order in the area law entanglement phase of the steady state. Our
primary example is circuits with unitaries respecting a global Ising symmetry and two competing
types of measurements. The phase diagram has an area law phase with spin glass order, which
undergoes a direct transition to a paramagnetic phase with volume law entanglement, as well as
a critical regime. Using mutual information diagnostics, we find that such entanglement transi-
tions preserving a global symmetry are in new universality classes. We analyze generalizations of
such hybrid circuits to higher dimensions, which allow for coexistence of order and volume law
entanglement, as well as topological order without any symmetry restrictions.

A major frontier of quantum many-body physics is
understanding what types of order can be stabilized in
non-equilibrium settings. Much progress has stemmed
from many-body localization [1, 2], which is character-
ized by the breakdown of thermalization and the re-
stricted growth of entanglement. Such non-equilibrium
features have usually been achieved by considering mod-
els with strong disorder, enabling the existence of “local-
ization protected quantum order” in highly excited states
of Hamiltonians [3–5].

Recently, an alternative approach for restricting entan-
glement growth has been proposed in hybrid quantum
circuits involving both unitary evolution and measure-
ments [6–11]. While generic unitary evolution leads to
entanglement growth and a steady state with volume
law entanglement, measurements generally disentangle
degrees of freedom and lead to area law entangled steady
states. The competition between the two leads to a fas-
cinating phase transition between area and volume law
regimes that has been vigorously explored, stimulating
alternative perspectives of the entanglement dynamics
[12–23].

A natural question is whether any non-trivial long-
range order can be stabilized in the area law regime of
such hybrid circuits, and if so, how to understand phase
transitions from the ordered phase? This is motivated
by not only the search for new orders and universality
classes but also the intriguing possibility of quantum ef-
fects being relevant in the brain [24, 25]. It has been
proposed that the binding of particular molecules realizes
projective measurements [26], and thus the possibility of
a stable many-body quantum order may be applicable in
quantum cognition proposals.

In this work, we present a class of hybrid circuits
which hosts long-range quantum order within the area-
law phase. The basic intuition is that long-range order
cannot be connected to a trivial product state by a finite
depth circuit [27], and thus the order can survive up to
a threshold ratio of unitaries to measurements. A caveat
is that in the circuit architectures presented in [6–8], the
basis of any measurement is immediately randomized by
a unitary, and we will need to modify the architecture

FIG. 1. Phase diagram of steady state of hybrid circuit, which
consists of brickwall 2-qubit operations: measurement or Z2-
symmetric Cli↵ord unitary with probability p or 1�p, respec-
tively. Given measurement, it is either M1 = ZZ or M2 = XI

measurement with probability r or 1� r. The central portion
is a critical regime, based on our (finite size L = 768) numer-
ics, discussed in main text.

appropriately. As proof of concept, we demonstrate the
existence of long-range spin glass order in the area law
phase of a class of hybrid circuits with unitaries respect-
ing a global Z2 symmetry and two competing types of
measurements. We find a phase diagram which contains
both a direct transition between spin-glass area law phase
and paramagnetic volume law phase as well as a critical
regime. The mutual information at these entanglement
transitions exhibits distinct power law scaling, indicat-
ing new universality classes due to the global symmetry.
We also analyze a two-dimensional version of the hybrid
circuit which enables coexistence of spin-glass order and
volume law entanglement. We conclude by mentioning
generalizations of our construction to other architectures
and stabilizing topological order, which would not require
a global symmetry.

Setup: We primarily focus on an ensemble of circuits
C acting on a one-dimensional chain of qubits of length
L with periodic boundary conditions. The circuit archi-
tecture consists of a brick-wall pattern of two-qubit oper-
ations (Fig. 1). Each operation is either a measurement
(M), with probability p, or a random unitary (U), with
probability 1� p. Given that an operation is a measure-
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Unitary circuits subject to repeated projective measurements can undergo an entanglement tran-
sition as a function of the measurement rate. This transition is generally understood in terms of
a competition between the scrambling e↵ects of unitary dynamics and the disentangling e↵ects of
measurements. We find that, surprisingly, entanglement transitions are possible even in the absence
of scrambling unitary dynamics. We illustrate this phenomenon in models where the unitary dy-
namics is non-scrambling, as well as models where the dynamics is entirely due to local few-site
measurements. This opens the door to a vast landscape of measurement-only models, in which the
“scrambling” and “un-scrambling” e↵ects that drive the entanglement transition are not separable
into distinct physical processes. We show numerical results on the entanglement phase diagrams,
critical points, locality, and quantum code properties of some of these measurement-only models.
We find that an entangling (volume-law) phase is the default outcome, while disentangling (area-
law) phases are possible in the presence of special restrictions on the size or commutativity of the
measurements. We propose frustration of the measurement ensemble as the principle driving the
entanglement transition in this class of dynamics.

I. INTRODUCTION

The study of out-of-equilibrium quantum dynamics is
an exciting research frontier1. Many important develop-
ments have pushed this frontier forward in recent years,
especially in regards to the dynamics of isolated quan-
tum systems. Among these developments are many-
body localization (MBL)2–4, quantum chaos5,6, many-
body ‘quantum scars’7–10, and the discovery of non-
equilibrium Floquet phases11,12. Many of these develop-
ments were born of a cross-fertilization between the sub-
fields of quantum information theory, quantum gravity
and condensed matter theory, with the dynamics of quan-
tum entanglement serving as a unifying thread in systems
ranging from electrons in solids to cold atomic gases to
black holes13–25. Our understanding of even fundamental
questions pertaining to the out-of-equilibrium dynamics
of many-body systems is still nascent, and the develop-
ment of new models and tools for tackling these forms a
major research enterprise. In this context, random uni-
tary circuits have emerged as a versatile tool for the study
of many-body dynamics in various contexts22,26–36.

The increased focus on quantum dynamics is also mo-
tivated by the advent of ‘noisy, intermediate-scale quan-
tum’ (NISQ) devices37. While an ideal quantum com-
puter (or simulator) is a closed, unitarily-evolving sys-
tem, any realistic implementation will have both con-
trolled operations and unintended interactions with its
environment, leading to non-unitary, open-system dy-
namics. In a fully fault-tolerant quantum computer such
imperfections can be handled blindly, by means of quan-
tum error correction. On the other hand, in NISQ devices
the quantum dynamics of the hardware cannot be decou-
pled from the information-processing task at hand, and

thus must be benchmarked accurately. To wit, Google’s
recent demonstration of ‘quantum supremacy’38 turned
on comparing probability distributions drawn from an
ideal random unitary circuit and a real, noisy one. A
very di↵erent context for open-system dynamics involves
quantum gravity, namely black hole evaporation and the
information paradox, where entanglement between the
black hole interior and outer Hawking radiation modes
plays a crucial role (for a recent review see Ref. [39]).
Here, too, random circuits have proven to be a useful
tool40–42.

An open system is generically described by a mixed
state; characterizing entanglement in mixed states is a
challenging problem in general43. However, in specific
cases, dissipation can freeze a system in a pure state, e.g.,
via the quantum Zeno e↵ect and its many-body general-
izations44–48. Recent works have approached this ques-
tion from a novel perspective: instead of studying the
steady state of the system plus its environment, they have
focused on entanglement dynamics along single quantum
trajectories49,50. In the framework of quantum trajecto-
ries, one models the system-environment interaction as a
sequence of projective measurements acting on the sys-
tem; each measurement collapses the system’s wavefunc-
tion with a random outcome determined by the Born
probabilities, so the system is always in a pure state (of
decreasing norm). Refs. 51–53 explored the dynamics of
the simplest such model, in which the intrinsic dynamics
of the system is given by a random unitary circuit, and is
interleaved with projective measurements acting on sin-
gle sites. It was found that these systems exhibit a phase
transition in the entanglement structure of single trajec-
tories, as a function of the measurement rate. This “en-
tanglement transition” separates a disentangling phase,
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Entanglement and dynamics of diffusion-annihilation processes with Majorana defects
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Coupling a many-body system to a thermal environment typically destroys the quantum coherence of its state,
leading to an effective classical dynamics at the longest time scales. We show that systems with anyonlike defects
can exhibit universal late-time dynamics that is stochastic, but fundamentally nonclassical, because some of the
quantum information about the state is topologically protected from the environment. Our coarse-grained model
describes one-dimensional systems with domain-wall defects carrying Majorana modes. These defects undergo
Brownian motion due to coupling with a bath. Since the fermion parity of a given pair of defects is nonlocal,
it cannot be measured by the bath until the two defects happen to come into contact. We examine how such
a system anneals to zero temperature via the diffusion and pairwise annihilation of Majorana defects, and we
characterize the nontrivial entanglement structure that arises in such stochastic processes. Separately, we also
investigate simplified “quantum measurement circuits” in one or more dimensions, involving repeated pairwise
measurement of fermion parities for a lattice of Majoranas. The dynamics of these circuits can be solved by
exact mappings to classical loop models. They yield analytically tractable examples of measurement-induced
phase transitions, with critical entanglement structures that are governed by nonunitary conformal fixed points.
In the system of diffusing and annihilating Majorana defects, the relaxation to the ground state is analogous to
coarsening in a classical one-dimensional Ising model via domain-wall annihilation (the classical “A + A → ∅”
reaction-diffusion process). Here, however, configurations are labeled not only by the defect positions but by
a nonlocal entanglement structure. This “γ + γ → ∅” process constitutes a university class for the coarsening
of topological domains walls that is distinct from those of classical reaction-diffusion processes. The universal
properties of this process can be obtained from an exact mapping.

DOI: 10.1103/PhysRevResearch.2.023288

I. INTRODUCTION

Coupling a quantum many-body system to a thermal en-
vironment destroys the quantum coherence of its dynamics.
Usually, a generic bath coupling leads to dynamics that is
essentially classical at the longest time scales, such that the
slow degrees of freedom are governed by a classical “hydro-
dynamics,” either stochastic or deterministic. In this paper
we exhibit a model that avoids this classical fate, because
some of the information in the quantum state is topolog-
ically protected [1,2] from the environment. The late-time
description is instead a hybrid of quantum and classical.
Local degrees of freedom that can be “measured” by the bath
become effectively classical, since they cannot remain long
in a superposition. But the topologically protected Hilbert
space—associated with anyonlike defects—allows long-range
entanglement to persist. This entangled state in turn affects
the slow “classical” degrees of freedom, which here are the
positions of the defects.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

The model we introduce is for a one-dimensional (1D)
chain with defect excitations that carry Majorana zero
modes. Topologically, these defects are like domain walls
between the topological and trivial phases of Kitaev’s p-
wave chain [1]. We model this system during a process of
relaxation from a high-temperature state with many defects
to a low-temperature state where the defects are absent, via
the diffusion and pairwise annihilation of defects. During
this process, the system loses energy to the surrounding bath
(which is taken to be bosonic; i.e., fermions cannot hop into
or out of the system).

The diffusive motion of a single defect is entirely classical
thanks to the bath coupling. But when the defects are widely
separated—which is mostly the case at late times—the Hilbert
space associated with the Majorana modes is protected from
decoherence: all bosonic operators on this space are nonlocal,
and so are invisible to the bath. Thus describing the state
requires one to know both the positions of the defects and their
entanglement structure.

One consequence of this hybrid classical/quantum dynam-
ics is that the density of defects decays to zero with a universal
amplitude that is different from what it would be if the defects
were, say, featureless domain walls in the classical Ising
model. The defect positions also exhibit different universal
correlation functions. The relaxation of the one-dimensional

2643-1564/2020/2(2)/023288(23) 023288-1 Published by the American Physical Society
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THE MODEL

Preliminaries. We consider a lattice (or a generic
graph) L of spin-1/2 on sites i 2 V (L), acted upon by
Pauli matrices �↵

i , ↵ 2 {x, y, z}; the Hilbert space is de-
noted as H =

N
i2V (L)

C2

i . With M[O] we denote the
measurement of observable O, i.e.,

M[O](| i) =
P� | i

h |P� | i
(1)

with probability Pr(�) = h |P� | i and discrete eigen-
value � 2 �(O); P� denotes the projector into the
eigenspace V� of O with eigenvalue �. Note that
M[O](| i) is a random variable with values in H that
is parametrized by the input | i; M[O] is not a linear
operator (hence the parantheses).

In the following we are interested in the following mea-
surements:

M
x
i ⌘ M[�x

i ] with P� =
1

2
(1+ ��x

i ) (2a)

M
zz
e ⌘ M[�z

i �
z
j ] with P� =

1

2

�
1+ ��z

i �
z
j

�
(2b)

for each site i 2 V (L) and edge e = (i, j) 2 E(L).

Time evolution. We initialize the system in the state

| (0)i = |++ · · ·+i (3)

with |±i = 1/
p
2 (|0i± |1i). Then we evolve the system

iteratively as follows (see Fig. 1):

1. For each site i 2 V (L), let xi = 1 with probability
p (xi = 0 otherwise) and—independently—for each
edge e = (i, j) 2 E(L), let ze = 1 with probability
1� p (ze = 0 otherwise). The vectors x = (xi) and
z = (ze) determine the sites (edges) on which the
observables �x

i (�z
i �

z
j ) will be measured.

2. For each site i with xi = 1 draw a random num-
ber k⇤ 2 {1, . . . , D} for a fixed integer D and set
x̂k⇤

i = 1 and x̂k
i = 0 for all k 2 {1, . . . , D} with

k 6= k⇤; construct ẑki analogously. This procedure
randomizes the order of measurements by distribut-
ing them into D time slices.

3. The new state is then given by (more precisely:
drawn from the distribution)

| (t+ 1)i = ⇧D � · · · �⇧1(| (t)i) (4)

with measurements

⇧k =
Y

e : ẑk
e=1

M
zz
e �

Y

i : x̂k
i =1

M
x
i (5)

in each time slice k.

4. Proceed with 1. until t = T with T a time cuto↵.

This is a completely projective time evolution that yields
a single quantum trajectory | (t)i for t 2 {0, 1, · · · , T}.
Sampling. Sampling M quantum trajectories N =

{| (•)i} allows us to define sample averages

XN (t) ⌘
1

M

X

 2N
X(| (t)i) (6)

for generic quantities X : H ! C; examples are ob-
servables like X = h |�z

i �
z
j | i and the entanglement

entropy X = S(A) of a subsystem A ⇢ V (L). We omit
the subscript N when the context is clear.

For fixed time t and M ! 1, the above process defines
a classical probability distribution P(t) on H. Assuming
that there exists a stationary limit, we define the projective
transverse field Ising model (PTIM) as being characterized
by P1 = limt!1 P(t). We are interested in properties
of P1 in dependence of the lattice L and the relative
strength of non-commuting measurements p 2 [0, 1].

• Projective measurements:

• Two non-commuting measurements:

Initial State:

: Projector on eigenspace 

: Observable

Pλ λ
O

Next timestep:

• Probability of          : 
• Probability of          : 

p
1 − p
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for each site i 2 V (L) and edge e = (i, j) 2 E(L).

Time evolution. We initialize the system in the state

| (0)i = |++ · · ·+i (3)

with |±i = 1/
p
2 (|0i± |1i). Then we evolve the system

iteratively as follows (see Fig. 1):

1. For each site i 2 V (L), let xi = 1 with probability
p (xi = 0 otherwise) and—independently—for each
edge e = (i, j) 2 E(L), let ze = 1 with probability
1� p (ze = 0 otherwise). The vectors x = (xi) and
z = (ze) determine the sites (edges) on which the
observables �x

i (�z
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z
j ) will be measured.

2. For each site i with xi = 1 draw a random num-
ber k⇤ 2 {1, . . . , D} for a fixed integer D and set
x̂k⇤

i = 1 and x̂k
i = 0 for all k 2 {1, . . . , D} with

k 6= k⇤; construct ẑki analogously. This procedure
randomizes the order of measurements by distribut-
ing them into D time slices.

3. The new state is then given by (more precisely:
drawn from the distribution)

| (t+ 1)i = ⇧D � · · · �⇧1(| (t)i) (4)

with measurements

⇧k =
Y

e : ẑk
e=1

M
zz
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Y

i : x̂k
i =1

M
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i (5)

in each time slice k.

4. Proceed with 1. until t = T with T a time cuto↵.

This is a completely projective time evolution that yields
a single quantum trajectory | (t)i for t 2 {0, 1, · · · , T}.
Sampling. Sampling M quantum trajectories N =

{| (•)i} allows us to define sample averages

XN (t) ⌘
1
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 2N
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for generic quantities X : H ! C; examples are ob-
servables like X = h |�z
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z
j | i and the entanglement

entropy X = S(A) of a subsystem A ⇢ V (L). We omit
the subscript N when the context is clear.

For fixed time t and M ! 1, the above process defines
a classical probability distribution P(t) on H. Assuming
that there exists a stationary limit, we define the projective
transverse field Ising model (PTIM) as being characterized
by P1 = limt!1 P(t). We are interested in properties
of P1 in dependence of the lattice L and the relative
strength of non-commuting measurements p 2 [0, 1].
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e=1

M
zz
e �

Y

i : x̂k
i =1

M
x
i (5)

in each time slice k.

4. Proceed with 1. until t = T with T a time cuto↵.

This is a completely projective time evolution that yields
a single quantum trajectory | (t)i for t 2 {0, 1, · · · , T}.
Sampling. Sampling M quantum trajectories N =

{| (•)i} allows us to define sample averages

XN (t) ⌘
1

M

X

 2N
X(| (t)i) (6)

for generic quantities X : H ! C; examples are ob-
servables like X = h |�z

i �
z
j | i and the entanglement

entropy X = S(A) of a subsystem A ⇢ V (L). We omit
the subscript N when the context is clear.

For fixed time t and M ! 1, the above process defines
a classical probability distribution P(t) on H. Assuming
that there exists a stationary limit, we define the projective
transverse field Ising model (PTIM) as being characterized
by P1 = limt!1 P(t). We are interested in properties
of P1 in dependence of the lattice L and the relative
strength of non-commuting measurements p 2 [0, 1].

-> Average quantities of  samples :M 𝒩

-> Random quantum trajectory |Ψ(t)⟩

Time slices:

1
2
3
4
5
6
7
8

2

order is established. Here, the role of long-range order
is played by a finite mutual information between two
separated spins. Furthermore, the entanglement entropy
diverges logarithmically at the transition. These quan-
tities unveil two universal properties of the transition:
the prefactor c̃ of the logarithmically diverging entangle-
ment entropy and the critical exponent  of the algebraic
decay of the mutual information. We demonstrate that
the critical point is described by bond percolation and
determine c̃ = 3

p
3 ln(2)/(2⇡) and  = 2/3 exactly for a

one-dimensional setup by mapping to a conformal field
theory. Remarkably, the prefactor c̃ is not the conformal
charge of the underlying conformal field theory, which one
would expect for ground states of critical one-dimensional
systems [24, 25].

The entanglement transition studied in this paper is
tightly related to quantum error correction of topologi-
cally protected qubits encoded in the ground state of a
Majorana chain [26, 27]: the two projective measurements
can be interpreted as syndrome measurements and local
errors, respectively. In this context, the steady state char-
acterized by finite mutual information corresponds to the
regime where the quantum information of the code space
is preserved. By contrast, in the error-dominated regime
the quantum information is lost and the mutual informa-
tion vanishes. While in the context of (active) quantum
error correction it is well established that such phase
transitions exist, it is remarkable that an entanglement
transition appears even if the syndrome measurements are
not recorded and no active error correction takes place.
The encoded information is still contained in the wave
function of the quantum trajectory but it would require
an exponential number of measurements to extract this in-
formation. Thus, the entanglement transition is in general
hidden from our experimental observations.

Finally, we would like to point out that, during finalizing
our manuscript, we became aware of recent, closely related
studies [28–31] where also purely measurement-driven
entanglement transitions between di↵erent steady states
with area law entanglement were observed. In particular,
Ref. [28] studied the critical regime of an equivalent model
in one dimension in the Majorana representation; their
findings for the critical universal entanglement scaling c̃
agree with ours.

The paper is organized as follows. We introduce the
quantum circuit with two noncommuting projective mea-
surements in Section II. Although this model can be
e�ciently simulated as a stabilizer circuit, we present
an exact mapping to a simpler, classical model which
describes the entanglement dynamics of the system com-
pletely. The details of this mapping are presented in
Section III and the relevant observables are discussed in
Section IV. In Section V we present numerical results:
we focus on the one-dimensional chain, demonstrate the
divergence of the entanglement entropy at the critical
point, and determine the prefactor c̃ of this logarithmic
divergence. Then we discuss the mutual information as
an indicator of long-range entanglement and show that

Figure 1. Projective time evolution. A few typical time steps
for p ⇡ 0.5 on a chain of L = 10 spins with periodic boundaries.
Blue boxes on edges denote measurements Mzz

e on adjacent
spins e = (i, i + 1) and red circles measurements Mx

i on a
single spin i. Each time step comprises one row of Mzz

e mea-
surements followed by a row of Mx

i measurements. Note that
the order of Mzz

e measurements does not a↵ect the dynamics
as their projectors commute. The system is initialized in the
product state |+ · · ·+i.

it exhibits the characteristic behavior of a second-order
phase transition. We determine its critical exponent 
and provide an intuitive interpretation of the transition
in terms of Bell clusters. The mapping to percolation
is shown in Section VI, which allows us to determine
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II. MODEL
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sented by Pauli matrices �↵
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denotes the projector onto the corresponding eigenspace.
Note that M[O](| i) is a random variable with values in
H that is parametrized by the input | i; M[O](•) is not
a linear operator (hence the parentheses).
Throughout this paper, we are interested in measure-

ments of the observables �x
i and �z
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, i.e.,
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for each site i and edge e = (i, i + 1) between adjacent
sites. The measurement results are � 2 {�1,+1}. It
is important to point out that �x

i and �z
i �

z
i+1

do not
commute if they involve the same site so that repeated
measurements lead to a nontrivial quantum dynamics.
This quantum dynamics is described as a stochastic

process on H generated by the measurements (2). In
contrast to previous studies on entanglement transitions,
we do not apply additional unitary operations. We start
with the initial product state

| (0)i = |++ · · ·+i (3)

with |±i = (|0i± |1i) /
p
2. Then, we evolve the system

iteratively as follows (Fig. 1): in each time step, we set the
site variable xi = 1 with probability p (xi = 0 otherwise)
and—independently—for each edge e = (i, i+ 1), we set
ze = 1 with probability 1� p and again ze = 0 otherwise.
The vectors x = (xi) and z = (ze) determine the sites
(edges) on which the observables �x

i (�z
i �

z
i+1

) will be
measured. Given the state | (t)i at time t, the new wave
function at t+ 1 is given by (more precisely, drawn from
the distribution)

| (t+ 1)i = Mx
x �Mzz

z (| (t)i) (4)

with measurements

Mx
x =

Y

i : xi=1

Mx
i and Mzz

z =
Y

e : ze=1

Mzz
e . (5)

This defines a fully projective time evolution that yields
a single quantum trajectory | (t)i at discrete times t =
0, 1, 2, . . . .
We are interested in characteristic properties of such

wave functions along a quantum trajectory for a given
time t. Denote a generic quantity as X (| (t)i) with
X : H ! C. Examples are conventional observables such
as correlations X = h |�z

i �
z
j | i, but also the entangle-

ment entropy X = S(A) of a subsystem A ⇢ VL. These
quantities are then averaged over many di↵erent quantum
trajectories, defining the sample averages

X ⌘ 1

M

X

| i2N

X (| (t)i). (6)

Here, N = {| (•)i} denotes an ensemble of M randomly
generated quantum trajectories.

For fixed time t and M ! 1, the above process defines
a classical probability distribution P(t) on H. Assum-
ing that there exists a stationary limit, we define the
projective transverse field Ising model (PTIM) as being
characterized by P1 = limt!1 P(t). Here, we are inter-
ested in properties of P1 in dependence of the relative
strength of noncommuting measurements p 2 [0, 1].
Note that the PTIM has a conserved symmetry: all

measurements (2) commute with the symmetry operator
U =

Q
i2VL

�x
i . In particular, the initial state (3) is U

invariant; this property is conserved under the projective
dynamics and restricts the accessible part of the Hilbert
space. As a consequence, the density matrix describing
the steady state of the PTIM is only maximally mixed
up to this symmetry constraint.

III. COLORED CLUSTER MODEL

To study the properties of the PTIM (projective trans-
verse field Ising model), we start with a discussion of the
numerical approach that we use to generate samples N of
quantum trajectories | (t)i. It is important to point out
that measurements of Pauli operators can be described
in the stabilizer formalism [15, 16] [this is also true for
the initial state (3)]; the projective time evolution of the
quantum trajectories can therefore be e�ciently simu-
lated on a classical computer—despite the exponentially
growing dimension of H [17, 18]. Although simulations in
the stabilizer formalism are reasonably e�cient, generic,
and well understood to bootstrap trustworthy results, it
is not the most e�cient approach to study the PTIM.
The numerical approach we leverage in this paper is

based on an equivalent classical process that can be sam-
pled more e�ciently. This process turns out to be nonlocal
and, in addition, provides an intuitive picture of the mech-
anism that drives the PTIM entanglement transition (see
below). The derivation of this process exploits the spe-
cial structure of the PTIM and is based on the following
observations.

• Measuring �z
1
�z
2
in the product state (we omit nor-

malizing factors)

|++i = |00i+ |01i+ |10i+ |11i (7)

yields the entangled Bell pairs |00i+ |11i or |01i+
|10i with each 50% probability. We refer to both
states as a two-qubit Bell cluster (as they are equiv-
alent under local unitary operations, they are iden-
tical from an entanglement point of view).

• Measuring �z
2
�z
3
in the product state

(↵ |00i+ � |11i)⌦ |+i
=↵(|000i+ |001i) + �(|110i+ |111i)

(8)

yields the entangled states ↵ |000i + � |111i or
↵ |001i + � |110i with each 50% probability. The
result is therefore an enlarged (three-qubit) Bell
cluster. Note that the amplitudes survive.
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Paradigmatic model for quantum phase transitions:
Transverse field Ising model

-> Projective transverse field Ising model

Non-commuting  
Hermitian generators

Non-commuting  
projective observables
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approach

6

-> Stabilizer Formalism

• Algebraic formalism to describe specific quantum states & gates

• Standard tool for random Clifford circuits

• Useful for up to ~1000 spins  
(fine in 1D, but only 30 x 30 on square lattice!)

Gottesman-Knill-Theorem
Quantum circuits with …
• Pauli measurements 
• Pauli gates
• Hadamard-, phase-, and CNOT-gates
… can be simulated efficiently on a classical computer.

 More efficient approach that provides more insight ? 

D. Gottesman,  
Stabilizer Codes and Quantum Error Correction 
(1997)

Nielsen and Chuang,  
Quantum Computation and Quantum Information

Clifford group



Simulation: The specific 
approach

7

-> Colored Cluster Model (CCM)  

Observations:

2

Figure 1. Projective time evolution. Two typical time steps
with each D = 3 time slices for p ⇡ 0.5 for a one-dimensional
system. Dumbells denote the measurement of �z

i �
z
j on adjacent

spins (black squares), Circles the measurement of �x
i on a single

spin. The binary random vectors x̂k and ẑk determine the
distribution of measurements in each time step.

METHODS

To study the PTIM and approximate P1, we ressort
to numerical methods to generate samples N of quantum
trajectories | (t)i.

Stabilizer Formalism

Measurements of Pauli operators can be described
within the stabilizer formalism; the projective time evo-
lution of the quantum trajectories can therefore be ef-
ficiently simulated on a classical computer despite the
exponentially growing dimension of H.

• Introduction of the stabilizer formalism: [5, 6]

• We use the algorithm from [7] for the simulation of
stabilizer circuits.

• We use results from [8] for the computation of the
entanglement entropy of stabilizer states.

Non-local classical automaton

The simulations within the stabilizer formalism are rea-
sonably e�cient, generic and well-understood to bootstrap
trustworthy results. However, optimizing the simulation
is necessary to allow for larger systems in two dimen-
sions (see below). While 500 spins can be simulated with

reasonable ressources within the stabilizer formalism, sim-
ulations with 10000 spins (needed for, e.g., a 100⇥ 100
square lattice) are too slow to sample enough trajectories
until equilibration is reached (note that this is not due to
a lack of memory but an issue of runtime).
To achieve this, we exploit the structure of the PTIM

and abandon the stabilizer formalism altogether; instead,
we derive an equivalent classical process that can be
sampled more e�ciently. This process turns out to be
non-local and, in addition, provides an intuitive picture
of the mechanism that drives the PTIM phase transition.

To motivate this process, we make the following obser-
vations:

• Measuring �z
1
�z
2
in the product state (we omit nor-

malizig factors)

|++i = |00i+ |01i+ |10i+ |11i (7)

yields the entangled Bell pairs |00i+ |11i or |01i+
|10i with each 50% probability. We refer to both
states as a (trivial) 2-qubit Bell cluster (since they
equivalent under local unitaries, they are identical
from an entanglement point of view).

• Measuring �z
2
�z
3
in the product state

(↵ |00i+ � |11i)⌦ |+i

=↵(|000i+ |001i) + �(|110i+ |111i)
(8)

yields the entangled states ↵ |000i + � |111i or
↵ |001i + � |110i with each 50% probability. The
result is therefore an enlarged (3-qubit) Bell cluster.
Note that the amplitudes survive.

• Measuring �x
1
in the 3-qubit Bell cluster

↵ |000i+ � |111i

=↵(|+00i+ |�00i) + �(|+11i � |�11i)
(9)

yields either |+i⌦(↵ |00i+� |11i) or |�i⌦(↵ |00i�
↵ |11i) with 50% probability. The result is therefore
a shrunk (2-qubit) Bell cluster. Note that again the
amplitudes survive (up to a sign that depends on
the measurement outcome).

• Measuring �z
2
�z
3
in a state with two 2-qubit Bell

clusters

(|00i+ |11i)⌦ (↵ |01i+ � |10i)

=↵ |0001i+ � |0010i+ ↵ |1101i+ � |1110i
(10)

yields the entangled states ↵ |0001i + � |1110i or
↵ |1101i+ � |0010i with each 50% probability. The
result is therefore a joined 4-qubit Bell cluster. Note
that the amplitudes survive.

We see that the dynamics of the PTIM is essentially
characterized by the nucleation, growth, decay and combi-
nation of Bell clusters while phase coherence is preserved.
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nation of Bell clusters while phase coherence is preserved.

2

Figure 1. Projective time evolution. Two typical time steps
with each D = 3 time slices for p ⇡ 0.5 for a one-dimensional
system. Dumbells denote the measurement of �z

i �
z
j on adjacent

spins (black squares), Circles the measurement of �x
i on a single

spin. The binary random vectors x̂k and ẑk determine the
distribution of measurements in each time step.

METHODS

To study the PTIM and approximate P1, we ressort
to numerical methods to generate samples N of quantum
trajectories | (t)i.

Stabilizer Formalism

Measurements of Pauli operators can be described
within the stabilizer formalism; the projective time evo-
lution of the quantum trajectories can therefore be ef-
ficiently simulated on a classical computer despite the
exponentially growing dimension of H.

• Introduction of the stabilizer formalism: [5, 6]

• We use the algorithm from [7] for the simulation of
stabilizer circuits.

• We use results from [8] for the computation of the
entanglement entropy of stabilizer states.

Non-local classical automaton

The simulations within the stabilizer formalism are rea-
sonably e�cient, generic and well-understood to bootstrap
trustworthy results. However, optimizing the simulation
is necessary to allow for larger systems in two dimen-
sions (see below). While 500 spins can be simulated with

reasonable ressources within the stabilizer formalism, sim-
ulations with 10000 spins (needed for, e.g., a 100⇥ 100
square lattice) are too slow to sample enough trajectories
until equilibration is reached (note that this is not due to
a lack of memory but an issue of runtime).
To achieve this, we exploit the structure of the PTIM

and abandon the stabilizer formalism altogether; instead,
we derive an equivalent classical process that can be
sampled more e�ciently. This process turns out to be
non-local and, in addition, provides an intuitive picture
of the mechanism that drives the PTIM phase transition.

To motivate this process, we make the following obser-
vations:

• Measuring �z
1
�z
2
in the product state (we omit nor-

malizig factors)

|++i = |00i+ |01i+ |10i+ |11i (7)

yields the entangled Bell pairs |00i+ |11i or |01i+
|10i with each 50% probability. We refer to both
states as a (trivial) 2-qubit Bell cluster (since they
equivalent under local unitaries, they are identical
from an entanglement point of view).

• Measuring �z
2
�z
3
in the product state

(↵ |00i+ � |11i)⌦ |+i

=↵(|000i+ |001i) + �(|110i+ |111i)
(8)

yields the entangled states ↵ |000i + � |111i or
↵ |001i + � |110i with each 50% probability. The
result is therefore an enlarged (3-qubit) Bell cluster.
Note that the amplitudes survive.

• Measuring �x
1
in the 3-qubit Bell cluster

↵ |000i+ � |111i

=↵(|+00i+ |�00i) + �(|+11i � |�11i)
(9)

yields either |+i⌦(↵ |00i+� |11i) or |�i⌦(↵ |00i�
↵ |11i) with 50% probability. The result is therefore
a shrunk (2-qubit) Bell cluster. Note that again the
amplitudes survive (up to a sign that depends on
the measurement outcome).

• Measuring �z
2
�z
3
in a state with two 2-qubit Bell

clusters

(|00i+ |11i)⌦ (↵ |01i+ � |10i)

=↵ |0001i+ � |0010i+ ↵ |1101i+ � |1110i
(10)

yields the entangled states ↵ |0001i + � |1110i or
↵ |1101i+ � |0010i with each 50% probability. The
result is therefore a joined 4-qubit Bell cluster. Note
that the amplitudes survive.

We see that the dynamics of the PTIM is essentially
characterized by the nucleation, growth, decay and combi-
nation of Bell clusters while phase coherence is preserved.
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• CCM = Non-local, classical stochastic process
• Bond percolation on spacetime -> CCM on boundary of spacetime

Connected in the past

 -> Simulation more efficient than with stabilizers ! 

PTIM = Bond percolation
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Tim
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Figure 3. PTIM in one dimension. (a) Numerical results for the entanglement entropy SL(L/2) and the mutual information
I(1, L) as functions of p for a system with linear dimensions L = 100, 300, 500 (circles, squares, diamonds) with open boundaries.
(b) EE SL(l) as a function of the position l = i of the cut for di↵erent p and L = 100. The system obeys an area law with
a logarithmic correction at the critical point. (c) Mutual information I(1, i) as a function of the distance ki� jk. Note that
I(1, i) vanishes exponentially for i ! 1 for p > pc and saturates at a finite value for p < pc. (d) Distribution of the Bell cluster
size l (as a fraction of the system size L = 100) for di↵erent p. At the phase transition clusters of extensive size emerge. (e)
Distribution of the Bell cluster diameter l for the same parameters p. These are calculated from the size of stabilizers in the
clipped gauge. At the phase transition, clusters with diameters of the order of the system size emerge.

p = 0.5; the collaps of data for di↵erent L is remarkable.
If we fit Eq. (17) to our numerical data, we find the
“central charge”

ĉ = 0.57 (18)

which seems not to be related to any of the unitary mod-
els above. Note that the perfect fit in Fig. 4 for data
of di↵erent system sizes verifies the functional form in
Eq. (15). Note that it is not all clear why the stochastic
PTIM follows the same behaviour as dictated by confor-
mal invariance for the ground state of unitary systems.

• Analytical description of scaling law with RG argu-
ments?

• Can we understand the “central charge”?

Mutual Information

Consider two disjoint subsystems A,B ⇢ V (L). The
mutual information (MI) I(A,B) between A and B is
defined as

I(A,B) ⌘ S(A) + S(B)� S(A [B) . (19)

A non-vanishing value of I(A,B) indicates entanglement
between the subsystems A and B. Here we are interested
in the mutual information between two spins at sites
i, j 2 V (L), namely

I(i, j) ⌘ S({i}) + S({j})� S({i, j}) . (20)

Figure 4. Entanglement Entropy. Entanglement entropy
S(l/L) for chains of di↵erent length L at the critical point
p = 0.5. Note that the data collaps is almost perfect and the
prediction for critical systems from CFT (black) describes the
dependency remarkably well.

For each state | i, I(i, j) is a L⇥L matrix that encodes
the structure of Bell clusters in the system. Indeed, | i =
|0, 0, 0, 0i

1234
but also | i = (|0, 0i + |1, 1i)12 ⌦ (|0, 1i +

|1, 0i)34 yields I(1, 4) = 0 since spins 1 and 4 are not part
of a common Bell cluster. In contrast, | i = (|0, 0i +
|1, 1i)14 ⌦ (|0, 1i + |1, 0i)23 yields I(1, 4) = 2 and for
| i = |0, 0, 0, 0i

1234
+ |1, 1, 1, 1i

1234
we have I(1, 4) = 1;

in both cases spins 1 and 4 belong the the same Bell
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RESULTS FOR 1D

Let us now focus on chains of spins in one dimension
with periodic/open boundary conditions; that is, V (L) =
{1, 2, . . . , L} and E(L)PBC = {(1, 2), (2, 3), . . . , (L, 1)} or
E(L)OBC = {(1, 2), (2, 3), . . . , (L � 1, L)}, respectively.
For the following results, we sampled typically M ⇠ 104

trajectories for T large enough so that all quantities of
interest reached their equilibrium values.

Entanglement Entropy

Phase transition. The entanglement entropy (EE) of
a subsystem X ⇢ V (L) is defined as

S(X) = �Tr [⇢X log2 ⇢X ] (14)

with ⇢X = TrV (L)\X [⇢] the reduced density matrix. Let
SL(l) denote the entanglement entropy of the spins i =
1, . . . , l with the rest of the system of total length L.

In Fig. 3 (a) we show SL(L/2) as a function of p for
chains of lengths L = 100, 300, 500. For p ! 0, the EE
saturates at 1 since the system approaches a global Bell
cluster |mi+ |mi where |mi = X̂ |mi with X̂ =

Q
i �

x
i

and m 2 ZL
2
a random spin-pattern in the z-basis. For

p ! 1, the system approaches the unentangled product
state |+ · · ·+i so that SL(L/2) vanishes smoothly. Inbe-
tween there seems to be a slow divergence at a critical
value pc = 0.5 which leads to a weakly non-analytic be-
havior of SL(L/2) for L ! 1. These regimes can be
understood intuitively in the context of Bell clusters if we
realize that SL(L/2) counts the number of independent
Bell clusters that live both in the left and the right half
of the system:

• For p � pc the projections onto |±i dominate and
make the clusters decay rapidly. Clusers cannot
gain extensive size and cross the cut at i = L/2
rarely.

• For p ⇡ pc: Creation/growth of clusters and annihi-
lation/decay are balanced. Clusters become decon-
fined and spread throughout the system. Sometimes
two or more independent clusters occupy the two
halfes of the system so that SL(L/2) > 1.

• For p ⌧ pc: The growth of clusters dominates.
Since the probability that two indpendent clusters
merge grows exponentially with their surface, the
probability for two or more extensive clusters van-
ishes exponentially. This is a condensation mech-
anism where newly created clusters (“condensa-
tion nuclei”) quickly get absorbed by the macro-
scopic cluster (the “condensate”). This explains
why SL(L/2) ! 1 quickly saturates.

Thus the average lifetime of newly spawned clusters van-
ishes quickly for both p ! 1 and p ! 0. For p ! 1, this is
due to the destructive force of the �x-measurements that
disolve the clusters. For p ! 0, the clusters do not disolve
but get absorbed by the condensate; this mechanism be-
comes more e�cient when the density of the condensate
increases.

Universal scaling. In Fig. 3 (b) we show the behaviour
of SL(l) for 0  l  L for di↵erent parameters p. The
entanglement is described by an area law that seems
to be modified at criticality pc ⇡ 0.5 by a logarithmic
contribution. The slow divergence of SL(l) at criticality
for L ! 1, l/L = const and for l ! 1, l ⌧ L is a well-
known phenomenon of critical systems in one dimension
that can be described by a conformal field theory (CFT):

• Scaling of EE in generic state: [13]

• Scaling of EE at critical point from CFT: [14, 15]

• Scaling of EE in quadratic fermionic Hamiltonians:
[16]

• Scaling of EE in disordered systems: [17]

• Scaling of EE for the disordered TIM (numerical
results): [18]

• Scaling of EE for the TIM (focus on Shannon mutual
information, I cannot compute that so far in our
case): [19, 20]

• ED results for EE scaling in the TIM: [21]

The scaling law for conformally invariant systems at
the critical point reads [15]

SL(l) =
c

3
log2


L

⇡
sin

✓
⇡
l

L

◆�
+ c0

1

l⌧L
⇠

c

3
log2(l)

(15)

with the central charge c = 1/2 for the TIM and a non-
universal o↵set c0

1
. Similar results can be obtained for

systems with quenched disorder [17] (for l ⌧ L):

SL(l) =
c̃

3
log2(l) + c̃0

1
(16)

where c̃ = c ln 2 = ln 2/2 = 0.347 for the disordered TIM.
It is an interesting question to which extent the en-

tanglement scaling of the PTIM parallels these results
for ground states of unitary systems. To this end, we
consider the normalized quantity

S(l/L) = SL(l)� SL(L/2) =
c

3
ln


sin

✓
⇡
l

L

◆�
(17)

that is independent of the system size L. In Fig. 4 we
plot this quantity for systems of sizes L = 50, · · · , 250 at

Entanglement entropy (EE) of subsystem :X

→ EE of subsystem with length :l

SL(l)

  (bond percolation) pc = 0.5
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 Entanglement entropy  SL(l)  Mutual information   I( | i − j | )

Entanglement & Mutual information in 
1D

• Area laws for both  and 

• Logarithmic correction at criticality 
(see below)

p < pc p > pc • Non-zero for  

• Exponential decay for 

• Power law at criticality:

p < pc

p > pc

I( | i − j | ) ∼ | i − j |−κ , κ ≈ 0.66
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Cluster statistics in 1D

Histogram of cluster weight Histogram of cluster diameter

 
One dense global cluster
p < pc

 
Sparse clusters on  
all length scales

p = pc

 
Small, local clusters
p > pc



Critical point: CFT description?

13

1D critical systems are often described by Conformal Field Theories (CFT)

• Scaling of entanglement entropy is universal†:

: Subsystem sizel
: Central chargec

• Normalized entanglement entropy:

→ The PTIM satisfies the CFT-scaling! 
 Why? 

† P. Calabrese and J. Cardy, Journal of Statistical Mechanics: Theory and Experiment P06002 (2004)
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FIG. 3. Entanglement transition. Numerical results for the entan-
glement entropy SL (L/2) (red) and the mutual information I (1, 1 +
L/2) (blue) as functions of the rate p for systems of length L =
100, 300, 500 (circles, squares, diamonds) with periodic boundary
conditions (PBC). At the critical point p = 0.5 = pc, the entan-
glement entropy grows logarithmically with the system size (black
markers). Each point is based on 105 sampled trajectories.

For a state |!⟩ along a quantum trajectory of the PTIM, I (i, j)
is an L × L matrix that encodes the structure of Bell clusters
in the system completely. For example, |!⟩ = |0, 0, 0, 0⟩1234
but also |!⟩ = (|0, 0⟩ + |1, 1⟩)12 ⊗ (|0, 1⟩ + |1, 0⟩)34 yields
I (1, 4) = 0, since spins 1 and 4 are not part of a common
Bell cluster. By contrast, |!⟩ = (|0, 0⟩ + |1, 1⟩)14 ⊗ (|0, 1⟩ +
|1, 0⟩)23 yields I (1, 4) = 2 and for |!⟩ = |0, 0, 0, 0⟩1234 +
|1, 1, 1, 1⟩1234 we have I (1, 4) = 1; in both cases, spins 1 and
4 belong to the same Bell cluster. If we consider I (i, j) as the
adjacency matrix of a graph, the connected components of this
graph are in one-to-one correspondence with the Bell clusters
of |!⟩. In the language of the CCM, it is I (i, j) = 0 for sites
of different color si ̸= s j (or si = 0 = s j) and I (i, j) = 1 for
sites of the same color si = s j ̸= 0; for clusters that contain
only the two sites i and j, it is I (i, j) = 2.

V. NUMERICAL RESULTS

For the following results, we sampled typically M ∼
105–107 trajectories for sufficiently long time t ∼ 2 × 103

such that all quantities of interest reached their equilibrium
values in the steady state. The quantities of interest are the
sample-averaged entanglement entropy SL(l ) and the mutual
information I (i, j).

A. Entanglement entropy

In Fig. 3 we show the entanglement entropy SL(L/2) as
a function of p for chains of lengths L = 100, 300, 500 with
periodic boundaries. For p → 0 (only Mzz

e ), the entanglement
entropy saturates at 1 since the system approaches a global
Bell cluster |m⟩ + |m⟩ where |m⟩ ≡ U |m⟩ with m ∈ ZL

2 a ran-
dom spin pattern in the z basis; here again U =

∏
i σ

x
i denotes

the global symmetry which is conserved along the quantum
trajectory. For p → 1 (only Mx

i ), the system approaches the
unentangled product state | + · · · +⟩ so that SL(L/2) van-
ishes smoothly. For 0 < p < 1 there seems to be a slow

divergence at the critical value pc ≈ 0.5 that leads to a weakly
nonanalytic behavior of SL(L/2) for L → ∞. Below, we will
demonstrate analytically that the transition indeed takes place
at the critical point pc = 0.5. The two regimes can be under-
stood intuitively in the context of Bell clusters if we recall that
SL(L/2) counts the number of independent Bell clusters with
support in both halves of the system.

(i) For p ≫ pc, the projections onto |±⟩ dominate and
make the clusters decay rapidly; they cannot grow to extensive
size and cross the two boundaries of the subsystem rarely.

(ii) For p ≈ pc, nucleation and growth of clusters on one
side and annihilation and decay on the other side are bal-
anced. Clusters become deconfined and spread throughout the
system. Typically, two independent clusters connect the two
halves of the system: one located at each of the two bound-
aries of the subsystem. In rare cases, additional, independent
clusters contribute entanglement, so that SL(L/2) ! 2 for long
chains.

(iii) For p ≪ pc, the growth of clusters dominates. Since
the probability that two independent clusters merge grows ex-
ponentially with their surface, the probability for two or more
extensive clusters vanishes exponentially. This is a condensa-
tion mechanism where newly created clusters (“condensation
nuclei”) quickly get absorbed by the macroscopic cluster (the
“condensate”). This explains why SL(L/2) → 1 quickly satu-
rates.

Thus the average lifetime of newly spawned clusters van-
ishes quickly for both p → 1 and p → 0. For p → 1, this is
due to the destructive force of the Mx

i measurements that dis-
solve the clusters. For p → 0, the clusters do not dissolve but
get absorbed by the condensate and this mechanism becomes
more efficient when the density of the condensate increases.

In Fig. 4(a) we show the behavior of SL(l ) for 0 ! l ! L
for different parameters p. As expected, we observe that for
p ̸= pc the entanglement entropy saturates quickly, indicating
area law entanglement. However, this behavior is modified
at the critical point by a logarithmic contribution. The slow
divergence of SL(l ) at criticality for L → ∞ with l/L = const
(recall Fig. 3), and for l → ∞ with l ≪ L is a well-known
feature of critical systems in one dimension that can be
described by a conformal field theory: the scaling law for
ground states of conformally invariant systems with periodic
boundaries at the critical point is asymptotically described by
[24,25]

SL(l ) ∼ c
3

log2

[ L
π

sin
(
π

l
L

)] l≪L
≈ c

3
log2(l ), (17)

with the central charge c (up to a nonuniversal constant).
In the following, we analyze whether the critical entangle-

ment scaling of the PTIM exhibits the same behavior. To this
end, we consider the normalized entanglement entropy

$S(l/L) ≡ SL(l ) − SL(L/2) ∼ c̃
3

log2

[
sin

(
π

l
L

)]
(18)

that is expected to be independent of the system size L. In
Fig. 5 we plot this quantity for system sizes L = 100, . . . , 300
at criticality. The collapse of data for different L is remark-
able and, fitting Eq. (18) to our numerical data, we find the
prefactor c̃ ≈ 0.57. This observation suggests that the critical
properties of the PTIM are described by a conformal field

094204-5
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glement entropy grows logarithmically with the system size (black
markers). Each point is based on 105 sampled trajectories.

For a state |!⟩ along a quantum trajectory of the PTIM, I (i, j)
is an L × L matrix that encodes the structure of Bell clusters
in the system completely. For example, |!⟩ = |0, 0, 0, 0⟩1234
but also |!⟩ = (|0, 0⟩ + |1, 1⟩)12 ⊗ (|0, 1⟩ + |1, 0⟩)34 yields
I (1, 4) = 0, since spins 1 and 4 are not part of a common
Bell cluster. By contrast, |!⟩ = (|0, 0⟩ + |1, 1⟩)14 ⊗ (|0, 1⟩ +
|1, 0⟩)23 yields I (1, 4) = 2 and for |!⟩ = |0, 0, 0, 0⟩1234 +
|1, 1, 1, 1⟩1234 we have I (1, 4) = 1; in both cases, spins 1 and
4 belong to the same Bell cluster. If we consider I (i, j) as the
adjacency matrix of a graph, the connected components of this
graph are in one-to-one correspondence with the Bell clusters
of |!⟩. In the language of the CCM, it is I (i, j) = 0 for sites
of different color si ̸= s j (or si = 0 = s j) and I (i, j) = 1 for
sites of the same color si = s j ̸= 0; for clusters that contain
only the two sites i and j, it is I (i, j) = 2.

V. NUMERICAL RESULTS

For the following results, we sampled typically M ∼
105–107 trajectories for sufficiently long time t ∼ 2 × 103

such that all quantities of interest reached their equilibrium
values in the steady state. The quantities of interest are the
sample-averaged entanglement entropy SL(l ) and the mutual
information I (i, j).

A. Entanglement entropy

In Fig. 3 we show the entanglement entropy SL(L/2) as
a function of p for chains of lengths L = 100, 300, 500 with
periodic boundaries. For p → 0 (only Mzz

e ), the entanglement
entropy saturates at 1 since the system approaches a global
Bell cluster |m⟩ + |m⟩ where |m⟩ ≡ U |m⟩ with m ∈ ZL

2 a ran-
dom spin pattern in the z basis; here again U =

∏
i σ

x
i denotes

the global symmetry which is conserved along the quantum
trajectory. For p → 1 (only Mx

i ), the system approaches the
unentangled product state | + · · · +⟩ so that SL(L/2) van-
ishes smoothly. For 0 < p < 1 there seems to be a slow

divergence at the critical value pc ≈ 0.5 that leads to a weakly
nonanalytic behavior of SL(L/2) for L → ∞. Below, we will
demonstrate analytically that the transition indeed takes place
at the critical point pc = 0.5. The two regimes can be under-
stood intuitively in the context of Bell clusters if we recall that
SL(L/2) counts the number of independent Bell clusters with
support in both halves of the system.

(i) For p ≫ pc, the projections onto |±⟩ dominate and
make the clusters decay rapidly; they cannot grow to extensive
size and cross the two boundaries of the subsystem rarely.

(ii) For p ≈ pc, nucleation and growth of clusters on one
side and annihilation and decay on the other side are bal-
anced. Clusters become deconfined and spread throughout the
system. Typically, two independent clusters connect the two
halves of the system: one located at each of the two bound-
aries of the subsystem. In rare cases, additional, independent
clusters contribute entanglement, so that SL(L/2) ! 2 for long
chains.

(iii) For p ≪ pc, the growth of clusters dominates. Since
the probability that two independent clusters merge grows ex-
ponentially with their surface, the probability for two or more
extensive clusters vanishes exponentially. This is a condensa-
tion mechanism where newly created clusters (“condensation
nuclei”) quickly get absorbed by the macroscopic cluster (the
“condensate”). This explains why SL(L/2) → 1 quickly satu-
rates.

Thus the average lifetime of newly spawned clusters van-
ishes quickly for both p → 1 and p → 0. For p → 1, this is
due to the destructive force of the Mx

i measurements that dis-
solve the clusters. For p → 0, the clusters do not dissolve but
get absorbed by the condensate and this mechanism becomes
more efficient when the density of the condensate increases.

In Fig. 4(a) we show the behavior of SL(l ) for 0 ! l ! L
for different parameters p. As expected, we observe that for
p ̸= pc the entanglement entropy saturates quickly, indicating
area law entanglement. However, this behavior is modified
at the critical point by a logarithmic contribution. The slow
divergence of SL(l ) at criticality for L → ∞ with l/L = const
(recall Fig. 3), and for l → ∞ with l ≪ L is a well-known
feature of critical systems in one dimension that can be
described by a conformal field theory: the scaling law for
ground states of conformally invariant systems with periodic
boundaries at the critical point is asymptotically described by
[24,25]

SL(l ) ∼ c
3

log2

[ L
π

sin
(
π

l
L

)] l≪L
≈ c

3
log2(l ), (17)

with the central charge c (up to a nonuniversal constant).
In the following, we analyze whether the critical entangle-

ment scaling of the PTIM exhibits the same behavior. To this
end, we consider the normalized entanglement entropy

$S(l/L) ≡ SL(l ) − SL(L/2) ∼ c̃
3

log2

[
sin

(
π

l
L

)]
(18)

that is expected to be independent of the system size L. In
Fig. 5 we plot this quantity for system sizes L = 100, . . . , 300
at criticality. The collapse of data for different L is remark-
able and, fitting Eq. (18) to our numerical data, we find the
prefactor c̃ ≈ 0.57. This observation suggests that the critical
properties of the PTIM are described by a conformal field
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TABLE I. Critical values. Estimates of critical values pc for
various lattices. In 2D, we compare them with numerical values p̃c

from Ref. [35] for three-dimensional bond percolation on stacks of
the corresponding 2D lattices. Values marked with an asterisk are
exact. Our estimates are based on lattices up to 50 × 50 spins.

Dimension Lattice pc p̃c Percolation lattice

1 0.5 0.5∗ Square
2 Square 0.75 0.7512 Cubic
2 Kagome 0.74 0.7437 Stacked Kagome
2 Honeycomb 0.70 0.6907 Stacked honeycomb
2 Triangular 0.83 0.8140 Stacked triangular

1 − p on edges e ∈ E (L). The corresponding CCM is then in-
duced by bond percolation on the half-infinite stack of lattices
L with vertical edges connecting vertices of adjacent layers
(for instance, the PTIM on the two-dimensional square lattice
is described by bond percolation on the (2+1)-dimensional
cubic lattice). We estimated the critical values pc for square,
Kagome, honeycomb, and triangular lattice from simulations
with up to 50 × 50 spins. In Table I we compare these values
with known (numerical) results for the corresponding bond
percolation problems in three dimensions [35] and find rea-
sonable agreement between them.

Furthermore, we would like to briefly comment on the
more generic case where Mx

i and Mzz
e occur with in-

dependent probabilities px and pz, respectively. Then the
connectivity on the space-time lattice is determined by
anisotropic bond percolation [36] with probability p⊥ = pz

for horizontal edges and p∥ = 1 − px for vertical edges. In
two dimensions it can be shown by duality arguments that the
system is critical for p⊥ + p∥ = 1, or, equivalently, px = pz

[34]. If we choose the parametrization pz = q and px = rq,
the entanglement transition occurs for rc = 1 and is indepen-
dent of q (which quantifies the overall measurement rate).
We verified this numerically and found no dependence of
the entanglement transition of the PTIM in one dimension
on the measurement rate q. However, in higher dimensions,
the relation between the critical values p⊥,c and p∥,c is no
longer linear [36]. As a consequence, we expect the critical
ratio rc = px

c/pz
c for the PTIM on the square lattice to depend

on the measurement rate q. We checked this numerically and
indeed found a shift towards larger ratios rc in the limit q → 0.

Finally, we point out that in the limit q → 0 measurements
become rare events in each time step so that the dynamics
can be approximated by independent Poisson processes on
all sites and edges for Mx

i and Mzz
e measurements with rate

parameters λx/λz = r. Then, the order of measurements be-
comes irrelevant—in contrast to the PTIM where in each time
step we first apply Mzz

e and subsequently Mx
i ; cf. Eq. (4).

In this limit, the process belongs to the family of continuum
random cluster models [37–40] in d + 1 dimensions which
are known to describe quantum Q-state Potts models [39–41]
in d dimensions. In particular, percolation is described by
the Q → 1 limit of the Potts model, which is an important
observation for the derivation of the correct conformal field
theory at the critical point of the (1+1)-dimensional PTIM.

VII. CONFORMAL FIELD THEORY AT THE
CRITICAL POINT

The close relation between the PTIM in one dimension and
bond percolation on a two-dimensional square lattice allows
us to derive the conformal field theory describing the critical
point of the entanglement transition. First, note that bond
percolation on the square lattice is the simplest random cluster
model with cluster weight Q = 1 (more generally, cluster
models are equivalent to classical Q-state Potts models [38]).
Planar random cluster models can be mapped to six-vertex
models [42] which, at the critical point, have an equivalent
description as a dense gas of oriented loops with weight

√
Q

[43]. Interpreting the oriented loops as contour lines of a
discrete “height” field φ(x) ∈ πZ establishes an equivalent
description in terms of a solid-on-solid (SOS) model [44,45].
At large distances and after coarse graining, the height field
can be approximated by a continuous field $(x) ∈ R and the
solid-on-solid model renormalizes to a Gaussian fixed point
with coupling g = 1 − e0 where

√
Q = 2 cos(πe0) [46–48].

If defined on a cylinder (corresponding to a periodic PTIM
in one dimension), the correct weighting of noncontractible
loops makes it necessary to put charges ±e0 on the two bound-
aries of the cylinder [42,48,49] by inserting vertex operators
V 0

± = exp(±ie0$). This modifies the vacuum energy on the
cylinder and shifts the central charge to c = 1 − 6e2

0/(1 − e0)
[48]. For percolation, we have e0 = 1/3 and the central charge
vanishes, i.e., c = 0; therefore, the prefactor c̃ for the entan-
glement entropy (18) must play another role.

In the following, we derive the prefactor c̃ for the asymp-
totic behavior of the entanglement entropy in the conformal
field theory. The approach is motivated by recent results on
the valence bond entanglement entropy in the ground state of
an antiferromagnetic spin chain [50]. We start by considering
a half-infinite cylinder by shifting the lower boundary to in-
finity. Such a half-infinite cylinder is conveniently mapped to
the complex plane, which leaves us with a disk where V 0

− is
inserted at the origin and V 0

+ somewhere on the boundary. We
follow now the lines of Ref. [50] and split V 0

+ into two vertex
operators V e

± = exp[i(±e + e0/2)$] with scaling dimension

h = e2 − (e0/2)2

1 − e0
(23)

and e ∈ R a free parameter; see Fig. 7(a). The pair of vertex
operators V e

±, inserted at x1 and x2 on the boundary, modifies
the weight of loops that connect the boundary segment A =
[x1, x2] of length %x = |x1 − x2| with the rest of the boundary
A. Therefore, the correlation function of the vertex operators
can be written as

VA(w) = ⟨V e
+(x1)V e

−(x2)⟩ =
∑

w̃ÑwNA

∑
w̃Ñ+NA

∼ 1
%x2h

, (24)

where the sums go over all allowed loop configurations. NA is
the number of loops connecting A and A, whereas Ñ counts the
loops attached with both ends either to A or to A. The weights
are w̃ = 2 cos(πe0/2) and w = 2 cos(πe).

Relation (24) allows us to derive the entanglement entropy
S(A) of segment A; see Fig. 7(a). Each independent Bell
cluster of the PTIM that lives both in A and A increases S(A)
by one. In the picture of discrete bond percolation, such Bell
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TABLE I. Critical values. Estimates of critical values pc for
various lattices. In 2D, we compare them with numerical values p̃c

from Ref. [35] for three-dimensional bond percolation on stacks of
the corresponding 2D lattices. Values marked with an asterisk are
exact. Our estimates are based on lattices up to 50 × 50 spins.

Dimension Lattice pc p̃c Percolation lattice

1 0.5 0.5∗ Square
2 Square 0.75 0.7512 Cubic
2 Kagome 0.74 0.7437 Stacked Kagome
2 Honeycomb 0.70 0.6907 Stacked honeycomb
2 Triangular 0.83 0.8140 Stacked triangular

1 − p on edges e ∈ E (L). The corresponding CCM is then in-
duced by bond percolation on the half-infinite stack of lattices
L with vertical edges connecting vertices of adjacent layers
(for instance, the PTIM on the two-dimensional square lattice
is described by bond percolation on the (2+1)-dimensional
cubic lattice). We estimated the critical values pc for square,
Kagome, honeycomb, and triangular lattice from simulations
with up to 50 × 50 spins. In Table I we compare these values
with known (numerical) results for the corresponding bond
percolation problems in three dimensions [35] and find rea-
sonable agreement between them.

Furthermore, we would like to briefly comment on the
more generic case where Mx

i and Mzz
e occur with in-

dependent probabilities px and pz, respectively. Then the
connectivity on the space-time lattice is determined by
anisotropic bond percolation [36] with probability p⊥ = pz

for horizontal edges and p∥ = 1 − px for vertical edges. In
two dimensions it can be shown by duality arguments that the
system is critical for p⊥ + p∥ = 1, or, equivalently, px = pz

[34]. If we choose the parametrization pz = q and px = rq,
the entanglement transition occurs for rc = 1 and is indepen-
dent of q (which quantifies the overall measurement rate).
We verified this numerically and found no dependence of
the entanglement transition of the PTIM in one dimension
on the measurement rate q. However, in higher dimensions,
the relation between the critical values p⊥,c and p∥,c is no
longer linear [36]. As a consequence, we expect the critical
ratio rc = px

c/pz
c for the PTIM on the square lattice to depend

on the measurement rate q. We checked this numerically and
indeed found a shift towards larger ratios rc in the limit q → 0.

Finally, we point out that in the limit q → 0 measurements
become rare events in each time step so that the dynamics
can be approximated by independent Poisson processes on
all sites and edges for Mx

i and Mzz
e measurements with rate

parameters λx/λz = r. Then, the order of measurements be-
comes irrelevant—in contrast to the PTIM where in each time
step we first apply Mzz

e and subsequently Mx
i ; cf. Eq. (4).

In this limit, the process belongs to the family of continuum
random cluster models [37–40] in d + 1 dimensions which
are known to describe quantum Q-state Potts models [39–41]
in d dimensions. In particular, percolation is described by
the Q → 1 limit of the Potts model, which is an important
observation for the derivation of the correct conformal field
theory at the critical point of the (1+1)-dimensional PTIM.

VII. CONFORMAL FIELD THEORY AT THE
CRITICAL POINT

The close relation between the PTIM in one dimension and
bond percolation on a two-dimensional square lattice allows
us to derive the conformal field theory describing the critical
point of the entanglement transition. First, note that bond
percolation on the square lattice is the simplest random cluster
model with cluster weight Q = 1 (more generally, cluster
models are equivalent to classical Q-state Potts models [38]).
Planar random cluster models can be mapped to six-vertex
models [42] which, at the critical point, have an equivalent
description as a dense gas of oriented loops with weight

√
Q

[43]. Interpreting the oriented loops as contour lines of a
discrete “height” field φ(x) ∈ πZ establishes an equivalent
description in terms of a solid-on-solid (SOS) model [44,45].
At large distances and after coarse graining, the height field
can be approximated by a continuous field $(x) ∈ R and the
solid-on-solid model renormalizes to a Gaussian fixed point
with coupling g = 1 − e0 where

√
Q = 2 cos(πe0) [46–48].

If defined on a cylinder (corresponding to a periodic PTIM
in one dimension), the correct weighting of noncontractible
loops makes it necessary to put charges ±e0 on the two bound-
aries of the cylinder [42,48,49] by inserting vertex operators
V 0

± = exp(±ie0$). This modifies the vacuum energy on the
cylinder and shifts the central charge to c = 1 − 6e2

0/(1 − e0)
[48]. For percolation, we have e0 = 1/3 and the central charge
vanishes, i.e., c = 0; therefore, the prefactor c̃ for the entan-
glement entropy (18) must play another role.

In the following, we derive the prefactor c̃ for the asymp-
totic behavior of the entanglement entropy in the conformal
field theory. The approach is motivated by recent results on
the valence bond entanglement entropy in the ground state of
an antiferromagnetic spin chain [50]. We start by considering
a half-infinite cylinder by shifting the lower boundary to in-
finity. Such a half-infinite cylinder is conveniently mapped to
the complex plane, which leaves us with a disk where V 0

− is
inserted at the origin and V 0

+ somewhere on the boundary. We
follow now the lines of Ref. [50] and split V 0

+ into two vertex
operators V e

± = exp[i(±e + e0/2)$] with scaling dimension

h = e2 − (e0/2)2

1 − e0
(23)

and e ∈ R a free parameter; see Fig. 7(a). The pair of vertex
operators V e

±, inserted at x1 and x2 on the boundary, modifies
the weight of loops that connect the boundary segment A =
[x1, x2] of length %x = |x1 − x2| with the rest of the boundary
A. Therefore, the correlation function of the vertex operators
can be written as

VA(w) = ⟨V e
+(x1)V e

−(x2)⟩ =
∑

w̃ÑwNA

∑
w̃Ñ+NA

∼ 1
%x2h

, (24)

where the sums go over all allowed loop configurations. NA is
the number of loops connecting A and A, whereas Ñ counts the
loops attached with both ends either to A or to A. The weights
are w̃ = 2 cos(πe0/2) and w = 2 cos(πe).

Relation (24) allows us to derive the entanglement entropy
S(A) of segment A; see Fig. 7(a). Each independent Bell
cluster of the PTIM that lives both in A and A increases S(A)
by one. In the picture of discrete bond percolation, such Bell
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FIG. 7. Conformal field theory. (a),(b) Field configurations on
the half-infinite cylinder mapped to the complex plane. Vertex op-
erator insertions are indicated by ⊗. (a) Scaling of the entanglement
entropy S(A). Field configurations with contours that connect A (red
segment) with the environment (black boundary) contribute to the
entanglement between them (light red domains). (b) Scaling of the
mutual information I (x1, x2). Field configurations that connect the
points x1 and x2 (light blue domain) contribute to the mutual infor-
mation between them. (c) Comparison of numerical results (squares
and bullets) and theoretical predictions (solid lines) for the PTIM
at criticality. The simulations are based on 107 trajectories for a
system of length L = 500 with periodic boundary conditions. The
CFT predictions are of the form !S(l/L) = c̃/3 log2 ξ (l/L) + α and
I (i, j) = I (|i − j|) = β ξ−κ (|i − j|) + γ with c̃ and κ as given in
the text and α, β, γ nonuniversal fit parameters; ξ (x) = sin(πx)
accounts for the finite size and the periodic boundaries. Note that the
plot for !S is logarithmic on the l/L axis; the plot for I is logarithmic
on both axes.

clusters derive from clusters of edges in space-time that con-
nect A with A. Since the loops of the continuum model
essentially describe the boundaries of these clusters, we con-
clude that S(A) ∼ ⟨NA⟩/2. The average number of loops ⟨NA⟩
derives from (24) by the relation ⟨NA⟩ = w̃[∂wVA(w)]w=w̃.
Given the scaling dimension h (23) for the vertex operators,
we find the logarithmic divergence of the entanglement en-
tropy

S(A) ∼ ⟨NA⟩
2

∼
√

3 ln 2
2π

log2 !x. (25)

A comparison with Eq. (17) implies the exact value of the
prefactor for the entanglement entropy at the critical point

c̃ = 3
√

3 ln 2
2π

. (26)

It matches the numerical results in Fig. 7(c) remarkably well.
This scaling has also been found in the Majorana representa-
tion of Ref. [28].

Next, we focus on the mutual information I (x1, x2) be-
tween the two boundary points x1 and x2 of A; see Fig. 7(b).
For I (x1, x2) = 1, a percolation cluster that connects the sites
x1 and x2 is required. This precludes clusters connecting the
interior of A with the interior of A. We therefore argue that
I (x1, x2) ∼ ⟨δNA=0⟩. Note that we expect I (x1, x2) = 2 (in-
dicating monogamous entanglement between the two sites)
to be irrelevant in the continuum limit. Using (24), we find
⟨δNA=0⟩ = VA(w → 0). To set w = 2 cos(πe) = 0, we choose
e = 1/2 and find with (23) the scaling dimension h = 1/3 of
the vertex operators. Consequently,

I (x1, x2) ∼ ⟨δNA=0⟩ ∼ 1
(!x)κ

, (27)

with κ = 2h = 2/3, again consistent with numerical results to
a remarkable degree; see Fig. 7(c).

VIII. RELATION TO QUANTUM ERROR CORRECTION

Here we reinterpret the PTIM dynamics as a competition
between projective errors and syndrome measurements on a
topological quantum memory—an approach also successfully
applied for the entanglement transition in the unitary regime
[51–53]. To this end, consider an open chain of L spinless
fermions ci and define the Majorana modes

γ2i−1 = ci + c†
i , γ2i = i(ci − c†

i ), (28)

with {γi, γ j} = 2δi j , γ †
i = γi, and γ 2

i = 1. Define stabilizer
operators Se=(i,i+1) = iγ2iγ2i+1 for i = 1, . . . , L − 1, which
obey S†

e = Se, S2
e = 1, and [Se, Se′ ] = 0. We are interested in

the twofold degenerate ground state space of the quadratic
fermion Hamiltonian [26]

H = −
∑

e

Se = −
L−1∑

i=1

iγ2iγ2i+1 (29)

characterized by Se = 1 on all edges e. Let {|g0⟩, |g1⟩} be a
basis of the ground state space, the code space of the Majorana
chain quantum code [27]. A logical qubit with amplitudes α
and β is then encoded as |*⟩ = α|g0⟩ + β|g1⟩.

The elementary errors of the code are generated by the
Hermitian on-site operators Ei = iγ2i−1γ2i and, due to SeEi =
−EiSe for i ∈ e, lead to excitations of the Hamiltonian (29).
In the following, we assume that the environment measures
Ei projectively with probability p per site and time step. To
detect and correct these errors, we are allowed to measure the
stabilizers Se projectively and use the measurement outcomes,
the so called error syndrome. Common schemes to protect the
qubit |*⟩ from decoherence employ time-periodic measure-
ments of all stabilizers and then use majority voting on the
syndromes to decide on unitary corrections in each time step
[27,54]. Here we modify this scheme and perform stabilizer
measurements randomly with probability 1 − p per edge and
time step. This can be interpreted as a faulty implementation
of the code where syndrome measurements fail to be executed
with probability p.
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system of length L = 500 with periodic boundary conditions. The
CFT predictions are of the form !S(l/L) = c̃/3 log2 ξ (l/L) + α and
I (i, j) = I (|i − j|) = β ξ−κ (|i − j|) + γ with c̃ and κ as given in
the text and α, β, γ nonuniversal fit parameters; ξ (x) = sin(πx)
accounts for the finite size and the periodic boundaries. Note that the
plot for !S is logarithmic on the l/L axis; the plot for I is logarithmic
on both axes.

clusters derive from clusters of edges in space-time that con-
nect A with A. Since the loops of the continuum model
essentially describe the boundaries of these clusters, we con-
clude that S(A) ∼ ⟨NA⟩/2. The average number of loops ⟨NA⟩
derives from (24) by the relation ⟨NA⟩ = w̃[∂wVA(w)]w=w̃.
Given the scaling dimension h (23) for the vertex operators,
we find the logarithmic divergence of the entanglement en-
tropy

S(A) ∼ ⟨NA⟩
2

∼
√

3 ln 2
2π

log2 !x. (25)

A comparison with Eq. (17) implies the exact value of the
prefactor for the entanglement entropy at the critical point

c̃ = 3
√

3 ln 2
2π

. (26)

It matches the numerical results in Fig. 7(c) remarkably well.
This scaling has also been found in the Majorana representa-
tion of Ref. [28].

Next, we focus on the mutual information I (x1, x2) be-
tween the two boundary points x1 and x2 of A; see Fig. 7(b).
For I (x1, x2) = 1, a percolation cluster that connects the sites
x1 and x2 is required. This precludes clusters connecting the
interior of A with the interior of A. We therefore argue that
I (x1, x2) ∼ ⟨δNA=0⟩. Note that we expect I (x1, x2) = 2 (in-
dicating monogamous entanglement between the two sites)
to be irrelevant in the continuum limit. Using (24), we find
⟨δNA=0⟩ = VA(w → 0). To set w = 2 cos(πe) = 0, we choose
e = 1/2 and find with (23) the scaling dimension h = 1/3 of
the vertex operators. Consequently,

I (x1, x2) ∼ ⟨δNA=0⟩ ∼ 1
(!x)κ

, (27)

with κ = 2h = 2/3, again consistent with numerical results to
a remarkable degree; see Fig. 7(c).

VIII. RELATION TO QUANTUM ERROR CORRECTION

Here we reinterpret the PTIM dynamics as a competition
between projective errors and syndrome measurements on a
topological quantum memory—an approach also successfully
applied for the entanglement transition in the unitary regime
[51–53]. To this end, consider an open chain of L spinless
fermions ci and define the Majorana modes

γ2i−1 = ci + c†
i , γ2i = i(ci − c†

i ), (28)

with {γi, γ j} = 2δi j , γ †
i = γi, and γ 2

i = 1. Define stabilizer
operators Se=(i,i+1) = iγ2iγ2i+1 for i = 1, . . . , L − 1, which
obey S†

e = Se, S2
e = 1, and [Se, Se′ ] = 0. We are interested in

the twofold degenerate ground state space of the quadratic
fermion Hamiltonian [26]

H = −
∑

e

Se = −
L−1∑

i=1

iγ2iγ2i+1 (29)

characterized by Se = 1 on all edges e. Let {|g0⟩, |g1⟩} be a
basis of the ground state space, the code space of the Majorana
chain quantum code [27]. A logical qubit with amplitudes α
and β is then encoded as |*⟩ = α|g0⟩ + β|g1⟩.

The elementary errors of the code are generated by the
Hermitian on-site operators Ei = iγ2i−1γ2i and, due to SeEi =
−EiSe for i ∈ e, lead to excitations of the Hamiltonian (29).
In the following, we assume that the environment measures
Ei projectively with probability p per site and time step. To
detect and correct these errors, we are allowed to measure the
stabilizers Se projectively and use the measurement outcomes,
the so called error syndrome. Common schemes to protect the
qubit |*⟩ from decoherence employ time-periodic measure-
ments of all stabilizers and then use majority voting on the
syndromes to decide on unitary corrections in each time step
[27,54]. Here we modify this scheme and perform stabilizer
measurements randomly with probability 1 − p per edge and
time step. This can be interpreted as a faulty implementation
of the code where syndrome measurements fail to be executed
with probability p.
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erator insertions are indicated by ⊗. (a) Scaling of the entanglement
entropy S(A). Field configurations with contours that connect A (red
segment) with the environment (black boundary) contribute to the
entanglement between them (light red domains). (b) Scaling of the
mutual information I (x1, x2). Field configurations that connect the
points x1 and x2 (light blue domain) contribute to the mutual infor-
mation between them. (c) Comparison of numerical results (squares
and bullets) and theoretical predictions (solid lines) for the PTIM
at criticality. The simulations are based on 107 trajectories for a
system of length L = 500 with periodic boundary conditions. The
CFT predictions are of the form !S(l/L) = c̃/3 log2 ξ (l/L) + α and
I (i, j) = I (|i − j|) = β ξ−κ (|i − j|) + γ with c̃ and κ as given in
the text and α, β, γ nonuniversal fit parameters; ξ (x) = sin(πx)
accounts for the finite size and the periodic boundaries. Note that the
plot for !S is logarithmic on the l/L axis; the plot for I is logarithmic
on both axes.
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For I (x1, x2) = 1, a percolation cluster that connects the sites
x1 and x2 is required. This precludes clusters connecting the
interior of A with the interior of A. We therefore argue that
I (x1, x2) ∼ ⟨δNA=0⟩. Note that we expect I (x1, x2) = 2 (in-
dicating monogamous entanglement between the two sites)
to be irrelevant in the continuum limit. Using (24), we find
⟨δNA=0⟩ = VA(w → 0). To set w = 2 cos(πe) = 0, we choose
e = 1/2 and find with (23) the scaling dimension h = 1/3 of
the vertex operators. Consequently,

I (x1, x2) ∼ ⟨δNA=0⟩ ∼ 1
(!x)κ

, (27)

with κ = 2h = 2/3, again consistent with numerical results to
a remarkable degree; see Fig. 7(c).

VIII. RELATION TO QUANTUM ERROR CORRECTION

Here we reinterpret the PTIM dynamics as a competition
between projective errors and syndrome measurements on a
topological quantum memory—an approach also successfully
applied for the entanglement transition in the unitary regime
[51–53]. To this end, consider an open chain of L spinless
fermions ci and define the Majorana modes

γ2i−1 = ci + c†
i , γ2i = i(ci − c†

i ), (28)

with {γi, γ j} = 2δi j , γ †
i = γi, and γ 2

i = 1. Define stabilizer
operators Se=(i,i+1) = iγ2iγ2i+1 for i = 1, . . . , L − 1, which
obey S†

e = Se, S2
e = 1, and [Se, Se′ ] = 0. We are interested in

the twofold degenerate ground state space of the quadratic
fermion Hamiltonian [26]

H = −
∑

e

Se = −
L−1∑

i=1

iγ2iγ2i+1 (29)

characterized by Se = 1 on all edges e. Let {|g0⟩, |g1⟩} be a
basis of the ground state space, the code space of the Majorana
chain quantum code [27]. A logical qubit with amplitudes α
and β is then encoded as |*⟩ = α|g0⟩ + β|g1⟩.

The elementary errors of the code are generated by the
Hermitian on-site operators Ei = iγ2i−1γ2i and, due to SeEi =
−EiSe for i ∈ e, lead to excitations of the Hamiltonian (29).
In the following, we assume that the environment measures
Ei projectively with probability p per site and time step. To
detect and correct these errors, we are allowed to measure the
stabilizers Se projectively and use the measurement outcomes,
the so called error syndrome. Common schemes to protect the
qubit |*⟩ from decoherence employ time-periodic measure-
ments of all stabilizers and then use majority voting on the
syndromes to decide on unitary corrections in each time step
[27,54]. Here we modify this scheme and perform stabilizer
measurements randomly with probability 1 − p per edge and
time step. This can be interpreted as a faulty implementation
of the code where syndrome measurements fail to be executed
with probability p.
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• Fermionic, quadratic 1D Hamiltonian: 

H = − ∑
e

Se = −
L−1

∑
i=1

iγ2iγ2i+1

 Majorana chain Projective transverse field Ising model

• Two-fold degenerate ground state  
-> Quantum code: 

• Allowed projective errors:  

• Allowed syndrome measurements: 

|Φ⟩ = α |g0⟩ + β |g1⟩

Ei = iγ2i−1γ2i

Se = iγ2iγ2i+1

 -> Survival of encoded qubit  =  Survival of Bell cluster amplitudes 

Jordan-Wigner  
Transformation

Majorana Fermions

7

Figure 6. Comparison of PTIM and unitary TIM. Black (Red): Entanglement measures in the ground state (equilibrium state)
of the unitary TIM (projective TIM) for an open chain of length L = 100 in dependence of 0  p  1: (a) Entanglement entropy
SL(A) of the central spin A = {L/2} with the rest of the system. (Compute for PTIM) (b) Entanglement entropy SL(L/2) for
a half-cut of the system. (c) Mutual information I(i, j) between spins i = 10 and j = 90 of the chain with total length L = 100.
The dashed line denotes the correlation h�z

i �
z
j i in the ground state of the unitary TIM for comparison.

Quantum Zeno E↵ect and Error Correction

Majorana chain. Here we reinterpret the PTIM dy-
namics as a competition between projective errors and
syndrome measurements of a topological quantum mem-
ory. To this end, consider an open chain of L spinless
fermions ci and define the Majorana modes

�2i�1 = ci + c†i and �2i = i(ci � c†i ) (25)

which obey {�i, �j} = 2�ij , �†
i = �i, and �2

i = 1.
Define stabilizer operators Se=(i,i+1) = i�2i�2i+1 for
i = 1, . . . , L � 1 which obey S†

e = Se, S2
e = 1 and

[Se, Se0 ] = 0. We are interested in the ground state
space of the quadratic fermion Hamiltonian

H = �

X

e

Se = �

L�1X

i=1

i�2i�2i+1 (26)

characterized by Se = 1. It is easy to show that it is
two-dimensional; indeed, we can define an irreducible
representation of the Pauli algebra via X = �i�1�2L,
Y = ��2L, and Z = �1 all of which commute with the
stabilizers Se. The Pauli algebra hX,Y, Zi defines the
logical qubit of the Majorana chain quantum code. Let
{|g0i , |g1i} be a basis of the code space, i.e., Se |gni =
|gni; we require Z |gni = (�1)n |gni. A logical qubit with
amplitudes ↵ and � is then encoded as |�i = ↵ |g0i +
� |g1i.
Due to the fermionic nature of the code, elementary

errors must be parity symmetric. It is easy to see that
they are generated by the unitary on-site operators Ei =
i�2i�1�2i and, due to SeEi = �EiSe for i 2 e, lead to
excitations of (26). In the following, we assume that the
environment measures Ei projectively with probability p
per site and timestep. To detect a correct these errors,
we are allowed to measure the stabilizers Se projectively
and use the measurement outcomes, the so called error

syndrome. Common schemes to protect the qubit |�i
from decoherence employ time-periodic measurements
of all stabilizers and then use majority voting on the
syndromes to decide on unitary corrections in each time
step, Fig. 7 (c). Here we modify this scheme and perform
stabilizer measurements randomly with probability 1� p
per edge and time step, Fig. 7 (d).

To reveal the connection to the PTIM, we need a spin-
1/2 representation of the fermion operators. Here we opt
for the slightly unconventional Jordan-Wigner transfor-
mation

�2i�1 =
Y

j<i

�x
j · �z

i and �2i =
Y

j<i

�x
j · �y

i (27)

which leads to the spin-1/2 representations

Se = �z
i �

z
i+1

(28a)

Ei = �x
i (28b)

X = �y
1
�x
2
. . .�x

L�1
�y
L (28c)

Y = ��x
1
. . .�x

L�1
�y
L (28d)

Z = �z
1
. (28e)

The basis of the code space reads then simply
|gni = |n . . . ni since these are the states that satisfy
�z
i �

z
i+1

|gni = |gni and �z
1
|gni = (�1)n |gni. Thus, the

qubit is encoded as a global Bell cluster (0 = (0, · · · , 0)
and 1 = (1, · · · , 1))

|�i = ↵ |0i+ � |1i , (29)

the random errors Ei correspond to measurements of
�x
i , and the random measurements of stabilizers Se to

measurements of �z
i �

z
i+1

. This yields a new interpretation
of the PTIM in one dimension as competition between
errors and stabilizer measurements on a Majorana chain
quantum code.
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• Two-fold degenerate ground state:  

• Projective measurements of  

• Measurement of domain walls  

|Φ⟩ = α | ↑ . . . ↑ ⟩ + β | ↓ … ↓ ⟩

Ei = σx
i

Se = σz
i σz

i+1

• Ferromagnetic 1D Ising model: 

H = − ∑
e

Se = −
L−1

∑
i=1

σz
i σz

i+1

Spin-1/2

See also: A. Nahum and B. Skinner 
(2020)
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Amplitudes preserved Amplitudes lost
Unknown pattern

m = Complement of m

See also: D. Aharonov (2000)
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1. Start in global Bell cluster: 

2. Evolve with PTIM rules

3. Check each time step if a Bell cluster 
with color       exists

4. Lifetime  = Time after which color       is lostτ

Procedure

Results
• : Exponential growth

• : Algebraic (~linear) growth

• : Logarithmic growth

p < pc

p = pc = 0.5
p > pc

 -> For  amplitudes are preserved by measurements of stabilizers ! p < pc

 Open question: When and how can the amplitudes be accessed ( = decoding ) ? 
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• Projective transverse field Ising model  
= competition of non-commuting, projective measurements

• Entanglement described by the Colored Cluster Model

• Can be efficiently simulated (stabilizer and CCM)

• Continuous entanglement transition: 
: long-range entangled (global Bell cluster) 
: short-range entangled (local Bell clusters)

• Dynamic phase transition = Spacetime percolation of Bell clusters

• Critical behaviour can be described by conformal field theory

• Can be interpreted as competition between projective errors  
and stabilizer measurements of a quantum code

p < pc
p > pc

Summary



Beyond one dimension
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Our results for PTIM Known results for bond percolation†

8

VI. PERCOLATION

The PTIM and the CCM (which captures the entan-
glement properties of the PTIM) are intimately linked to
bond percolation. The mapping is illustrated in Fig. 6(a)
and described in the following. The discrete time steps
give rise to a square lattice in space-time where each time
step comprises one horizontal row of edges and all vertical
edges that connect it to the next row. If we mark horizon-
tal edges with ze = 1 and vertical edges with xi = 0 as
“active” (bold black edges), the probability for activity is
in both cases 1�p. Thus every sequence of measurements
on the spins on a one-dimensional PTIM is in one-to-
one correspondence with a pattern of active bonds on
its space-time square lattice. Following our observations
that led to the construction of the CCM, it is easy to see
that, at a given time t, two spins i and j are entangled
(belong to the same Bell cluster; in the CCM: have the
same color) if and only if the two sites are connected by a
path of active edges on the space-time lattice in the past;
see Fig. 6(b). This observation immediately implies that
the critical point for the entanglement transition of the
PTIM coincides with the transition for bond percolation;
on a square lattice, this transition takes place at pc = 0.5
(which follows exactly from duality arguments [34]). This
is in agreement with the numerical results above.

Table I. Critical values. Estimates of critical values pc for
various lattices. In 2D, we compare them with numerical
values p̃c from Ref. 35 for three-dimensional bond percolation
on stacks of the corresponding 2D lattices. Values marked
with an asterisk are exact. Our estimates are based on lattices
up to 50⇥ 50 spins.

Dimension Lattice pc p̃c Percolation lattice

1 - 0.5 0.5⇤ Square

2 Square 0.75 0.7512 Cubic

2 Kagome 0.74 0.7437 stacked Kagome

2 Honeycomb 0.70 0.6907 stacked Honeycomb

2 Triangular 0.83 0.8140 stacked Triangular

This close relation between bond percolation and the
PTIM allows us immediately to determine also the critical
point of the entanglement transition in higher dimensions.
It is straightforward to define the PTIM on arbitrary lat-
tices L where the measurements Mx

i act with probability
p on vertices i 2 V (L) and the measurements Mzz

e with
probability 1� p on edges e 2 E(L). The corresponding
CCM is then induced by bond percolation on the half-
infinite stack of lattices L with vertical edges connecting
vertices of adjacent layers (for instance, the PTIM on
the two-dimensional square lattice is described by bond
percolation on the (2+1)-dimensional cubic lattice). We
estimated the critical values pc for square, Kagome, hon-
eycomb, and triangular lattice from simulations with up
to 50⇥ 50 spins. In Table I we compare these values with
known (numerical) results for the corresponding bond

percolation problems in three dimensions [35] and find
reasonable agreement between them.

Furthermore, we would like to briefly comment on the
more generic case where Mx

i and Mzz
e occur with inde-

pendent probabilities px and pz, respectively. Then the
connectivity on the space-time lattice is determined by
anisotropic bond percolation [36] with probability p? = pz

for horizontal edges and pk = 1 � px for vertical edges.
In two dimensions it can be shown by duality arguments
that the system is critical for p?+pk = 1, or, equivalently,
px = pz [34]. If we choose the parametrization pz = q and
px = rq, the entanglement transition occurs for rc = 1
and is independent of q (which quantifies the overall mea-
surement rate). We verified this numerically and found no
dependence of the entanglement transition of the PTIM
in one dimension on the measurement rate q. However, in
higher dimensions, the relation between the critical values
p?,c and pk,c is no longer linear [36]. As a consequence,
we expect the critical ratio rc = pxc/p

z
c for the PTIM on

the square lattice to depend on the measurement rate
q. We checked this numerically and indeed found a shift
towards larger ratios rc in the limit q ! 0.
Finally, we point out that in the limit q ! 0 measure-

ments become rare events in each time step so that the
dynamics can be approximated by independent Poisson
processes on all sites and edges for Mx

i and Mzz
e mea-

surements with rate parameters �x/�z = r. Then, the
order of measurements becomes irrelevant—in contrast
to the PTIM where in each time step we first apply Mzz

e
and subsequently Mx

i ; cf. Eq. (4). In this limit, the pro-
cess belongs to the family of continuum random cluster
models [37–40] in d+ 1 dimensions which are known to
describe quantum Q-state Potts models [39–41] in d di-
mensions. In particular, percolation is described by the
Q ! 1 limit of the Potts model, which is an important
observation for the derivation of the correct conformal
field theory at the critical point of the (1+1)-dimensional
PTIM.

VII. CONFORMAL FIELD THEORY AT THE
CRITICAL POINT

The close relation between the PTIM in one dimension
and bond percolation on a two-dimensional square lattice
allows us to derive the conformal field theory describing
the critical point of the entanglement transition. First,
note that bond percolation on the square lattice is the
simplest random cluster model with cluster weight Q = 1
(more generally, cluster models are equivalent to classical
Q-state Potts models [38]). Planar random cluster models
can be mapped to six-vertex models [42] which, at the
critical point, have an equivalent description as a dense
gas of oriented loops with weight

p
Q [43]. Interpreting

the oriented loops as contour lines of a discrete “height”
field �(x) 2 ⇡Z establishes an equivalent description in
terms of a solid-on-solid (SOS) model [44, 45]. At large
distances and after coarse graining, the height field can

† S. C. van der Marck, Percolation thresholds and universal formulas, Phys. Rev. E 55, 1514 (1997)

 PTIM on lattice   =   Bond percolation on  ℒ ℒ × ℤ


