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MVotivation

(Details = Sebastian Webers talk)

Setup

For now: periodic boundaries!

/

Hamiltonian

JlZ(UZz 1055 + 0205 _1) + J> 2(0210214—1 + 031 41037
1=1 1=1
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J1 J

. X X Yy Yy 2 X _X y Yy

=75 E (03;_105; + 05, _105;) + 5 E :(02i52i+1 T 02i02i+1)
1=1 1=1

(Jordan-Wigner transformation of fermionic SSH chain)
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MVotivation

Ground state phases?

Smglets
J1 = O Jo > 0
PP // = gepedpase
= Jo >0 E
v y
/./////// = gapless phase ,Path” of | _
./ , gapped Hamiltonians?
Yes!
J1>0, 2 =0 : (apply magnetic field)
® ©6 6 06 6 o o o v

—

= gapped phase

Singlets



Topological Phases

D=1

gapped
Hamiltonians®

gapped
Hamiltonians®

local Hamiltonians local Hamiltonians
Many * = with unigue ground states Only one
(topological) phases (no symmetry breaking) (trivial) phase




MVotivation

Ground state phases?

J1 =0, Jy>0

RN

The same phase!

— —

= gapped phase



Use a universal recipe:

Trivial concept + Additional constraints = Non-trivial concept



Use a universal recipe:

Trivial concept + Additional constraints = Non-trivial concept

Require )
symmetry
gapped
Hamiltonians gapped
symmetric
Hamiltonians
(H,S] =0
local Hamiltonians local Hamiltonians
(Intrinsic) Symmetry-protected

topological phases topological phases

— ————— — ————————




SPT Phases

Require
symmetry
gapped
Hamiltonians
symmetric
Hamiltonians
(H,S] =0
local Hamiltonians local Hamiltonians

(Intrinsic) Symmetry-protected
topological phases topological phases



SPT Phases

,Splitting“ depends on the symmetry (representation) S

a A
W v

Given a symmetry, how to classify the possible SPT phases?




Symmetries

Z(UZZ 1021 + 021 1021) T+ =

1=1

Particle number:
Parity:

Time-reversal:
Particle-hole:

Chiral:

Hamiltonian

L

1=1

Symmetries
Ry = exp [
Z =[|;o7f
I =K
X =[]0
XK =[[;0 0K

1—o7
2

2(021021—1—1 + O—21021%-1)

— U(1)

— Zi»

— Zi»

Application



Symmetries

Hamiltonian

L L
Jl J2
y oy y Y
B D (05105 +03;_,05,) + > > (0505141 + 03,0541

Symmetries

Particle number: Ry = exp [i ¢ 1_20"2 ] — U(1)

Chiral: XK =]];0¥ oK — 7

Experiment: T
(Sebastians talk) U(l) X ZZ

Application



Symmetries

Hamiltonian

L L
1 y oy J2 y _y
B D (05105 +03;_,05,) + 5 > (0505141 + 03,0541

=1 =1

Symmetries
Parity: Z =], 07 — 7
Particle-hole: X =11, o — 7y

In the following: Do = Zo X 7oy = (X, Z)




Symmetries
J1 =0, Jo >0
L s

D9 symmetric

Ji >0, Jy = Sy
02 %2 2 0 0 00
= = = = ; ; ®

\ 4
= gapped phase
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Application

D+ breaking

—

,Path® of
gapped Hamiltonians



Symmetries

= gapped phase

> EE R

JPath” of
gapped gapped Hamiltonians
symmetric
Hamiltonians D2 symmetric
v

= gapped phase

local Hamiltonians

10



Application

How to prove that there is no path of gapped,

D>-symmetric Hamiltonians connecting the two phases?

J1 >0, Jy=0 X J1=0,J9>0

LT
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Application

D>-symmetric Hamiltonians connecting the two phases?

How to prove that there is no path of gapped,

J1 >0, Jo=0 X J1 =0, Jy >0
K/\

L

How to prove that it looks like this:

|
4
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Matrix Product States

* Ground states of local, gapped, one-dimensional Hamiltonians are
short-range entangled

* They can be efficiently encoded as matrix-product states (MPS):

2)=Y Tr [A“A’z...A’ZL] i1sins ... ioL)
fix} /
D x D -matrices
,efficiently” =
,Bond dimension® finite Bond dimension
In thermodynamic limit

e Crucial for numerics: density matrix renormalization group (DMRG)

* Here: Use MPS to classify SPT phases!
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|
Matrix Product States

L
A) = X) (10)2:[1)2i41 + [1)2:]0)2i 1)
=1
— Z Tr [AilizAi3i4 ~~-Ai2L‘1i2L] i1ia, ..., I21,—112L)
fir) |
J1=0,J><0 Al = (A"f) = §iq07; D=2
o of o
P LY gl o
J1 <0, Jy=0 L
seveeese  [B) = (0)2i-1]1)2i +[1)2i-1]0)2:)
® 6 ¢ 6 0 0 0 o i=1
— Z Tr [BilizBi?’i4 ---BizL_liZL] i1ia, ..., i21,—112L)
{ix} |
Bap = (Bij)aﬁ =% D=1
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Symmetric MPS

Representation of symmetry group G p(g1)p(g2) = p(g182) for g1,82€G
[H, p(g)] =0
Symmetry acts locally on each site: p(g) = (g) @m(g): - ® m(g)

Unitary representations:
n(g1)m(g2) = m(g182) for g1.82€G

Symmetric ground state |A): 1) — A with _
(no symmetry breaking) p(g)lA) = a(g)|A) with a(g)

p(g)|A) = 3 T [A11 - Al2t] p(g)]in, .. ,iar) At = "r(g)]ss A7
— Z Ir [Ail ' "Ai%} i1, ..., 02L) With — ’Y(g) V_l(g) - A" V(g)
{ix) 7 V,
phase D x D-matrices
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Symmetric MPS

Representation of symmetry group Dy = 7y X Zo = {1, 2,2, 22}

- X L __ _ z z
= HUQZ'—NQ@' =X and p(z) = H02i—102i =7
i N— — ; N——
™~ local action on i /./
A) = ) (10)2i[1)2i+1 + [1)2:]0)2i 1)
: | =1 N X|4,B) |A B)
Symmetric ground states: . / Z1A4. B) — (—1)"|A. BY

1B) = X) (10)2i-111)2i + [1)2i-10)2;) |

1

1
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Symmetric MPS

N

Vit(x) Va(z)

S = 07 Jo <0 A Agﬁ - Hf@ a JJ)AO‘B ~ a 705-5’3] af
////////./ / Azﬁzzc)'?,.,g"? .,A;‘Xé :a(z) [5.2:14@35_7;}

o a/B
Z/,J,
Vi'l(z) Va(x)
X: B, =Y [of,0%, Zj, = a(z)|[1]BY -1
J1 <0, Jy=0 ’ Z,,I ool Jos
e o 0000 00 = 7. B _ z oz pgiil _ B
6 6 6 6 6 6 6 o ' aﬂ_zgi,i’aj,j’ af = a(2) [1' '1]a5
,I:/,j/
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Projective Representations

Physical representation of symmetry group:

m(91)7(g2) = m(g1g2) for g1,92 € G

Apply ) [m(g)]li; A7 =v(g) V' (g) - A" V(g) to show that

J

projective

V(gl)v(!h) — X(glng)V(gng> for g1,92 € G representation

A
|

(2-)cocycle (phase)

Associativity yields the cocycle condition:

Set of all cocycles:
X(91,92)X(9192, 93) = Xx(92,93)Xx(91,9293) = 22(G.U(1))

16



Projective Representations

J1 =0, Jo <0

L% Va

Representations Cocycles

= xB(91,92) =1

— —
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Projective Representations

V(z)V(x)=6%6" =—-6"6° = =V (xz) = xa(z,2)V(zx)

Representations Cocycles
Ve(1) =
Ji <0, Jo =0 Va(z) =
........ = = xB(91,92) =1
Vp(z) = - -
Vp(xz) =

17



Projective Representations

J1 =0, Jo <0

L% Va

Representations Cocycles

= xB(91,92) =1

— —
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Cohomology

There is a ,gauge structure”:

> m(@)li AT =+(g) V= (g) - AT V(g)
=7(9) [f(@V(g) ™ - A" - [f(9)V(9)]
=(9)V(g)™ - A" V(g)
for arbitrary phases f(9g)
— ‘7(91)‘7(92) — 2(91792)1’7(9192) (still projective representation)

Equivalence relation of cocycles:

X(91,92) = f%fg(iiig)ﬁ x(91,92) €1 X~ X

~ ~
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Cohomology

Set of all cocycles 3  flg1) fg2) |
2oy & R gy X

= Define the second cohomology group

H2(G,U(1)) = Z*(G,U(1)) /

write [x] € H*(G,U(1))

Non-trivial statement:
Two states |4) and |B) belong to the same phase protected by G
ifand only if [y 4] = [xB] € H*(G,U(1)) .
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Cohomology

Set of all cocycles 3  flg1) fg2) |
2oy & R gy X

= Define the second cohomology group

H2(G,U(1)) = Z*(G,U(1)) /

write [x] € H*(G,U(1))
Intuition:

A — H(\) — JAN) — A"\ — Vi = xa — [l

= Continuous map A\ — [x,] = Constant on phases
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Cohomology

J1=0, /2 <( is in the same phase as J1<0, =0

LSS S (protected by D) AR AR A

if and only if

XA ~ XB  orequivalently xa] = [xB] € H*(D2,U(1))
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Cohomology

Assumption: XA ™~ XB

a2l 22) = f(gl)f(gz)XB(gl 0y) = f(g1) f(g2)
= | f(g182) | f(g122)
This leads to a contradiction:
PR (€36 B (G V(GO NP

J(xz) J(zx)

= [xal # [xB] = [1]

One can show H?(D3,U(1)) = Zy

— —
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Cohomology

Topological phase

xal # |1
e

20



Edge states

What about chains with boundaries”

Non-trivial fact:

One ground state(s), the symmetry acts as  p(9) |

with projective boundary operators acts near the left

Ur(91)UL(g92) = xa(91,92) Ur(9192)
Ur(91)Ur(g92) = xa(91,92) Ur(9192)

and [H,Ur(g9)]=0=[H,Ugr(g)] for L —

(approximate symmetries for L < 00)

= Symmetry fractionalization

21
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g) 1)

right edge



Edge states

Topological phase Trivial phase
[XA] -+ [1] Ur(z) = 0%, [XB] — [1]
e e A N I I S S S S S 5 5

UL(Z) = 0'1

= Non-trivial projective representations of D2 : xc] = [xr] = [xs] = [1]

IxL] = [xr] = [xa] # [1] = |inear representations

\ 7
~~

UL(ZE)UL(Z) = —UL(Z)UL(LE)

UR(J?)UR(Z) — —UR(Z)UR(x) & [H, UR(Q)] — non-degenerate
_— ground state space

4-fold degenerate ground state space

This degeneracy is robust against small & symmetric perturbations!
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Application

summary

e Topological phases
= equivalence classes of gapped Hamiltonians

* No topological phases in one dimension!

e Symmetry-protected topological (SPT) phases
= equivalence classes of gapped symmetric Hamiltonians

e SPT phases can be labeled/classified by cohomology classes

e Robust ground state degeneracy for open boundaries
since symmetry acts projectively on boundaries (edge modes)

The dimerized spin-1/2 chain

y / / / / / A - Sebastian Webers talk

iIs a SPT phase with robust 4-fold ground state degeneracy.
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